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DEFORMATIONS OF COISOTROPIC SUBMANIFOLDS
IN LOCALLY CONFORMAL SYMPLECTIC MANIFOLDS
HOˆNG VAˆN LEˆ AND YONG-GEUN OH
Abstract. In this paper, we study deformations of coisotropic submanifolds
in a locally conformal symplectic manifold. Firstly, we derive the equation
that governs C∞ deformations of coisotropic submanifolds and define the cor-
responding C∞-moduli space of coisotropic submanifolds modulo the Hamil-
tonian isotopies. Secondly, we prove that the formal deformation problem is
governed by an L∞-structure which is a b-deformation of strong homotopy Lie
algebroids introduced in [OP] in the symplectic context. Then we study de-
formations of locally conformal symplectic structures and their moduli space,
and the corresponding bulk deformations of coisotropic submanifolds. Finally
we revisit Zambons obstructed infinitesimal deformation [Za] in this enlarged
context and prove that it is still obstructed.
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1. Introduction
Symplectic manifolds (M,ω) have been of much interest in global study of Hamil-
tonian dynamics, and symplectic topology via analysis of pseudoholomorphic curves.
In this regard closedness of the two-form ω plays an important role in relation to
the dynamics of Hamiltonian diffeomorphisms and the global analysis of pseudo-
holomorphic curves. On the other hand when one takes the coordinate chart defini-
tion of symplectic manifolds and implements the covariance property of Hamilton’s
equation, there is no compulsory reason why one should require the two-form to be
closed. Indeed in the point of view of canonical formalism in Hamiltonian mechan-
ics and construction of the corresponding bulk physical space, it is more natural to
require the locally defined canonical symplectic forms
ωα =
n∑
i=1
dqαi ∧ dp
α
i
to satisfy the cocycle condition
ωα = λβαωβ, λβα ≡ const. (1.1)
with λγβλβα = λγα as the gluing condition. (See introduction [V2] for a nice ex-
planation on this point of view) The corresponding bulk constructed in this way
naturally becomes locally conformal symplectic manifolds (abbreviated as l.c.s man-
ifolds) whose definition we first recall. For the consistency of the definition, we will
mostly assume dimM > 2 in this paper.
Definition 1.1. An l.c.s. manifold is a triple (X,ω, b) where b is a closed one-form
and ω is a nondegenerate 2-form satisfying the relation
dω + b ∧ ω = 0. (1.2)
We refer to [V2], [HR], [Ba1], [Ba2] for more detailed discussion of general prop-
erties of l.c.s. manifolds and non-trivial examples.
Locally by choosing b = dg for a local function g : U → R on an open neighbor-
hood U , (1.2) is equivalent to
d(e−gω) = 0 (1.3)
and so the local geometry of l.c.s manifold is exactly the same as that of symplectic
manifolds. In particular one can define the notion of Lagrangian submanifolds,
isotropic submanifolds, and coisotropic submanifolds in the same way as in the
symplectic case since the definitions require only nondegeneracy of the two-form ω.
The main question of our interest in this paper is whether the global geometry
of coisotropic submanifolds is any different from that of symplectic case.
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We recall that by the results from [Za], [OP], deformation theory of coisotropic
submanifolds in symplectic manifolds is generally obstructed. In particular, the
set of coisotropic submanifolds with a given rank does not form a smooth Frechet
manifold [Za], and the relevant (formal) deformation theory thereof is described
by an L∞-structure called strong homotopy Lie algebroids [OP]. In the present
paper, we show that Oh-Park’s deformation theory naturally extends to that of
l.c.s. manifolds, once appropriate normal form theorem of canonical neighborhoods
of coisotropic submanifolds (Theorem 4.2) and the theory of bulk-deformed strong
homotopy Lie algebroids (sections 9, 11) are developed. For this purpose, we need
to prove the l.c.s analog of Darboux-type theorem [We] and develop the l.c.s. ana-
log to Moser’s trick, for which usage of Novikov-type cohomology instead of the
ordinary de-Rham cohomology is essential. (See [HR] for relevant exposition of
this cohomology theory.) We derive two equivalent equations that govern C∞-
deformations of coisotropic submanifolds (Theorems 6.2, 8.1) and develop a theory
of bulk deformations of l.c.s. forms and of coisotropic submanifolds in this larger
context of l.c.s. manifolds.
Some more motivations of the present study are in order. First of all, we would
like to see if the obstructed example of Zambon [Za] in the symplectic context is still
obstructed in this enlarged deformations of coisotropic submanifolds together with
bulk deformations of l.c.s. structures with replacement of closedness of ω by the
Novikov-closedness of b-twisted differential. We then prove that Zambon’s exam-
ple still remains obstructed even under this enlarged setting of bulk deformations
(Theorem 12.4).
Another source of motivation comes from the study of J-holomorphic curves in
this enlarged bulk of l.c.s. manifolds. Again all the local theory of J-holomorphic
curves go through without change. The only difference lies in the global geometry
of J-holomorphic curves and it is not completely clear at this moment whether
Novikov-closedness of l.c.s. structure (X,ω, b) would give reasonably meaningful
implication to the study of moduli problem of J-holomorphic curves in the context
of closed strings or open strings attached to suitably physical D-branes. We refer
to [KaOr] for some physical motivation of coisotropic D-branes and to [CF] for a
generalization of study of deformations of coisotropic submanifolds in the Poisson
context.
We would like to thank Yoshihiro Ohnita for inviting us to the Pacific Rim
Geometry Conference in 2011 where the first named author gave a talk on l.c.s.
manifolds, which triggered our collaboration.
2. Locally conformal pre-symplectic manifolds
Suppose Y ⊂ (X,ωX , b) is a coisotropic submanifold. Then the restriction
(Y, ω, b) satisfies the same equation
dbω := dω + b ∧ ω = 0 (2.1)
except that ω is no longer nondegenerate but has constant rank.
This gives rise to the notion of locally conformal pre-symplectic manifolds, ab-
breviated as l.c.p-s. manifold.
Definition 2.1. A triple (Y, ω, b) is called an l.c.p-s. manifold if b is a closed
one-form and ω is a two-form with constant rank that satisfy
dbω := dω + b ∧ ω = 0. (2.2)
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Remark 2.2. If the rank of ω is at least 4, then the wedge product with ω defines
a linear injective map from Ω1(Y ) to Ω3(Y ). Hence b is defined uniquely by the
equation (2.2). If the rank of ω is 2, then the restriction of b to the null space TY ω of
ω is defined by (2.2). The kernel of the wedge product Ω1(Y )→ Ω3(Y ), γ 7→ ω∧γ,
is the two-dimensional annihilator TF◦ of TY ω. In particular, if rank ω is 2 and
(Y, ω, b) is an l.c.p-s. manifold, then (Y, ω, b+ b′) is also an l.c.p-s. manifold for any
b′ ∈ TF◦ such that db′ = 0.
From now on, we consider a general l.c.p-s. manifold (Y, ω, b).
We next introduce morphisms between l.c.p-s. manifolds and automorphisms
of (Y, ω, b) generalizing those of l.c.s. manifolds (see [HR] for the corresponding
definitions for the l.c.s. case.)
Definition 2.3. Let (Y, ω, b) and (Y ′, ω′, b′) be two l.c.p-s. manifolds. A diffeo-
morphism φ : Y → Y ′ is called l.c.p-s. if there exists a ∈ C∞(Y,R \ {0}) such
that
φ∗ω′ = (1/a)ω, φ∗b′ = b+ d(ln |a|).
By setting a = etu, it is easy to check that the following is the infinitesimal
version of Definition 2.3.
Definition 2.4. Let (Y, ω, b) be a l.c.p-s. manifold. A vector field ξ on Y is called
l.c.p-s. if there exists a function u ∈ C∞(Y ) such that
Lξω = −uω, Lξb = du
We denote by Diff(Y, ω, b) the set of l.c.p-s. diffeomorphisms.
Definition 2.5. We call any such function u ∈ C∞(Y ) that appears in Definition
2.4 is called an l.c.p-s. function. We denote by C∞(Y ;ω, b) the set of l.c.p-s.
functions.
It is easy to see that C∞(Y ;ω, b) is a vector subspace of C∞(X).
We say an l.c.p-s. diffeomorphism (resp. vector field) an l.c.s. diffeomorphism
(resp. vector field), if (Y, ω, b) is an l.c.s. manifold.
3. Canonical neighborhoods of coisotropic submanifolds
In this section, we develop the l.c.s. analog to Gotay’s coisotropic neighborhood
theorem [Go] in the symplectic case.
As in the symplectic case, we denote
E = (TY )ω
the characteristic distribution on Y . The following lemma is one of the important
ingredients that enables us to develop deformation theory of coisotropic submani-
folds in l.c.s. manifolds in a way similar to the symplectic case as done in [OP].
Lemma 3.1. The distribution E on Y is integrable.
Proof. This is an immediate consequence (2.2) which shows that the ideal generated
by ω is a differential ideal. 
We call the corresponding foliation the null foliation on Y and denote it by F .
We now consider the dual bundle π : E∗ → Y of E. The bundle TE∗|Y where
Y ⊂ E∗ is the zero section of E∗ carries the canonical decomposition
TE∗|Y = TY ⊕ E
∗.
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In the standard notation in the foliation theory, E and E∗ are denoted by TF and
T ∗F and called the tangent bundle (respectively cotangent bundle) of the foliation
F .
Remark 3.1. When Y is a coisotropic submanifold of an l.c.s. manifold (X,ωX , b)
and (Y, ω, b) is the associated l.c.p-s. structure, then it is easy to check that the
canonical isomorphism
ω˜0 : TX → T
∗X
maps E = TY ω to the conormal N∗Y ⊂ T ∗X and so its adjoint (ω˜0)
† : TX → T ∗X
induces an isomorphism between NY = TX/TY and E∗ where E = (TY )ω.
We choose a splitting
TY = G⊕ E, E = (TY )ω , (3.1)
and denote by
pG : TY → E
the projection to E along G in the splitting (3.1). Using this splitting, we can write
a conformal symplectic form on a neighborhood of the zero section Y →֒ E∗ in the
following way similarly as in the symplectic case. We have the bundle map
TE∗
Tπ
−→ TY
pG
−→ E. (3.2)
Let α̂ ∈ E∗ and ξ ∈ Tα̂E
∗. We define the one-form θG on E
∗ by its value
θG,α̂(ξ) := α̂(pG ◦ Tπ(ξ)) (3.3)
at each α̂ ∈ E∗. Then the two form
ωG := π
∗ω − dθG − π
∗b ∧ θG (3.4)
is non-degenerate in a neighborhood U ⊂ E∗ of the zero section (See the coordi-
nate expression (7.6) of dθG and ωG). Later, we use ωG and ωU interchangeably
depending on context.
Then a straightforward computation proves
Proposition 3.2. Then the pair (U, ωU , bU ) with bU := π
∗b|U defines an l.c.s.
structure.
Remark 3.2. If Y is Lagrangian, then E = TY , E∗|Y = T
∗Y , and hence pG = Id.
For this special case, Proposition is known as Example 3.1 in [HR], where θG is the
Liouville 1-form on T ∗Y .
In the next section, we will prove that this provides a general normal form of the
l.c.s. neighborhood of the triple (Y, ω, b) which depends only on (Y, ω, b) and the
splitting (3.1), and that this normal form is unique up to diffeomorphism. We call
the pair (U, ωU , bU ) a (canonical) l.c.s. thickening of the l.c.p-s. manifold (Y, ω, b).
4. Normal form theorem of coisotropic submanifolds in l.c.s.
manifold
Let Y be a compact coisotropic submanifold in a l.c.s. manifold (X,ωX , b).
Denote by (Y, ω, b) the induced l.c.p-s. structure given by
ω = i∗ωX , b = i
∗
b,
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where i : Y → X is the canonical embedding. We denote by (T i)∗ the associated
bundle map T ∗X → T ∗Y . Consider the bundle π : E∗ → Y where E = (TY )ω =
TF as in the previous section.
By Remark 3.1, the adjoint isomorphism
(ω˜†0) : TX → T
∗X
induces an isomorphism
ω˜X : NY = TX/TY → E
∗. (4.1)
More precisely, we have the following lemma
Lemma 4.1. The nondegenerate two-form ωX induces a canonical bundle isomor-
phism ω˜X : TX |Y /TY → E
∗ given by (4.2).
Proof. We define the bundle map
ω˜XY : TX |Y → T
∗Y, v 7→ (T i)∗(v⌋ωX).
Denote by j∗ : T ∗Y → E∗ the adjoint of j : E → TY . Then E = kerω implies
that
TY ⊂ ker(j∗ ◦ ω˜XY ).
Hence j∗ ◦ ω˜XY descends to a bundle map ω˜X : NY = TX |Y /TY → E
∗ by setting
[v] ∈ NY 7→ j∗ ◦ ω˜XY (v). (4.2)
The nondegeneracy of ωX implies that ω˜X induces a canonical bundle isomorphism.

Using this isomorphism, we identify the pair (NY, Y ) with (E∗, oE∗).
Now let g be a Riemannian metric on X . Then g gives rise to a splitting
TX |Y ∼= TY ⊕NY.
We also have a canonical isomorphism
TE∗|Y ∼= TY ⊕ E
∗. (4.3)
Combining (4.3) with Lemma 4.1 we get
TE∗|oE∗
∼= To∗E ⊕ E
∗ ∼= TY ⊕NY ∼= TX |Y .
Through this identification, we regard a neighborhood U1 ⊂ X of Y as a neighbor-
hood of the zero section oE∗ = Y ⊂ E
∗.
For any open set U ⊂ X we denote the restriction of ωX (resp. b) to U also by
ωX (resp. by b). In this section, we prove the following normal form theorem.
Theorem 4.2 (Normal form). Assume that Y is compact. There exist an open
neighborhood U ⊂ X of Y , a neighborhood V ⊂ E∗ of the zero section Y , and a
l.c.s. diffeomorphism
φ : (U, ωX , b)→ (V, (ωG)|V , π
∗b)
such that φ|Y = Id and dφ|NY = ω˜X under the identification (4.3). More specifi-
cally, φ satisfies
φ∗(π∗ω − dθG − π
∗b ∧ θG) = e
−fωX
for some f ∈ C∞(U).
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Proof. Assume that U1 be a neighborhood of Y in X which can be identified with
a neighborhood W1 of Y in NY via the exponential map ExpY : NY → U1. Set
ω1 := Exp
∗
Y (ωX), b1 := Exp
∗
Y (b). (4.4)
Then (W1, ω1, b1) is a l.c.s. manifold. Since the restriction of dExpY to Y is equal
to identity, Y is also a coisotropic submanifold in (W1, ω1, b1). Let iX : Y →֒ X be
the inclusion. Set
V := ω˜X(W1), b := i
∗
Xb ∈ Ω
1(Y ),
ω˜1 := (ω˜
−1
X )
∗(ω1) ∈ Ω
2(V ), b˜1 := (ω˜
−1
X )
∗(b1) ∈ Ω
1(V ). (4.5)
Denote by iE∗ : Y →֒ E
∗ the inclusion as the zero section and by H∗b (Y ) the
cohomology group ker db/imdb.
Lemma 4.3. The embedding iE∗ : Y → E
∗ induces an isomorphism between H∗b (Y )
and H∗π∗b(E
∗). In particular, there exists a one-form η ∈ Ω1(E∗) such that ω˜1 −
π∗(ω1|Y ) = d
π∗b(η).
Proof. Denote by S the following locally constant sheaf on Y
U 7→ S(U) := {f ∈ C∞(U,R)| db|U f = 0}.
It is known that Hb(Y ) = H(Y,S), see e.g. [HR, Remark 1.10]. The first assertion
of Lemma 4.3 follows from the homotopy invariant property of cohomology with
values in locally constant sheaf. The second assertion of Lemma 4.3 is a consequence
of the first assertion. 
Since H1(E∗,R) = H1(Y,R) there exists a function f ∈ C∞(E∗) such that η =
π∗(i∗η)+df . Then ef ω˜ is an l.c.s. form on E∗ with the Lee form b˜1−df = π
∗(b|Y )
[L].
Now we apply Moser’s deformation to the normal form. Set
ω˜0 := ωG|V .
By (3.4) and (4.4) we have
ω˜0(y) = ω˜1(y) for all y ∈ Y. (4.6)
Since H∗π∗b(V )
∼= H∗
b˜1
(V ), there exists a one form σ on V such that
ω˜1 − ω˜0 = d
π∗bσ.
Set
ω˜t := ω˜0 + td
π∗bσ = π∗(ω1|Y )− d
π∗b(θG − tσ)
By making V smaller if necessary, taking into account (4.6) and the compactness
of Y , we assume that ω˜t are nondegenerate for all t ∈ [0, 1]. To prove Theorem 4.2,
it suffices to solve the equation
ψ∗t (ω˜t) = e
ft(x)ω˜0 (4.7)
for a family of diffeomorphism ψt of V and a function ft with f1 = f . Let ξt be
the generating vector field of ψt i.e.
d
dt
ψt = ξt(ψt), ψ0 = Id.
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Differentiating (4.7), we obtain
ψ∗t
(
d
dt
ω˜t + Lξt ω˜t
)
=
∂f
∂t
ω˜0
which is equivalent to
d
dt
ω˜t + Lξt ω˜t =
∂f
∂t
◦ ψ−1t .
But by definition of ωt and Cartan’s formula, this becomes
dπ
∗bσ + ξt⌋dω˜t + d(ξt⌋ω˜t) = gt, gt(x) =
∂f
∂t
(ψ−1t (x)).
which in turn becomes
gt = d
π∗bσ − ξt⌋(π
∗b ∧ ω˜t) + d
π∗b(ξt⌋ω˜t)− π
∗b ∧ (ξt⌋ω˜t).
In other words, we obtain
(gt − π
∗b(ξt))ω˜t = d
π∗b(σ + ξt⌋ω˜t).
Using non-degeneracy of ω˜t, we first solve
σ + ξt⌋ω˜t = 0
for ξt on V and then define gt by
gt = π
∗b(ξt)
for all (t, x) ∈ [0, 1]× V again shrinking V , if necessary. We denote by ψt the flow
of ξt which then determines ft by ft = gt ◦ ψt.
This proves Theorem 4.2. 
5. Geometry of the null foliation of l.c.p-s. manifold
Let (Y, ω, b) be an l.c.p-s. manifold of dimension n + k and denote by F the
associated null foliation. Set 2n := dimX , n − k := dimF , l := 2k. We now
formulate a uniqueness statement in the symplectic thickening of (Y, ω) (Proposition
5.1), extending an analogous result in [OP]. We also prove the existence of a
transverse l.c.s. form (Proposition 5.2), which is important for later sections.
Recalling that the l.c.s. form ωG of (3.4) depends on the choice of the splitting
Π, in this section we redenote by ωΠ the l.c.s. form ωG associated to the splitting
Π.
Proposition 5.1. (cf. [OP, Proposition 5.1]) For given two splittings Π, Π′, there
exist neighborhoods U, U ′ of the zero section Y ⊂ E∗ and a diffeomorphism φ :
U → U ′ and a function f : U → R such that
(1) φ∗ωΠ′ = e
fωΠ,
(2) φ|Y ≡ id, and Tφ|TY E∗ ≡ id where TYE
∗ is the restriction of TE∗ to Y .
Proof. Since AE(TY ) is contractible, we can choose a smooth family
{Πt}0≤t≤1, Π0 = Π, Π1 = Π
′.
Denoting ωt := ωΠt , applying the isomorphism H
1
b (Y )
∼= H1π∗b(E
∗), we have
ωt − ω0 = d
π∗bσt.
From the definition, we have
σt|TY E∗ ≡ 0.
DEFORMATIONS OF COISOTROPIC SUBMANIFOLDS 9
for all 0 ≤ t ≤ 1. With these, we imitate the proof of Theorem 4.2 to finish off the
proof. 
For the study of the deformation problem of l.c.p-s. structures it is crucial to
understand the transverse geometry of the null foliation. First we note that the
l.c.p-s. form ω carries a natural transverse l.c.p-s. form. This defines the l.c.s.
analog to the transverse symplectic form to the null foliation of pre-symplectic
manifold. (See [Go], [OP], for example).
Proposition 5.2. (cf. [OP, Proposition 5.2]) Let F be the null foliation of the
l.c.p-s. manifold (Y, ω, b). Then it defines a transverse l.c.s. form on F in the
following sense:
(1) ker(ωx) = TxF for any x ∈ Y , and
(2) Lξω = −b(ξ)ω for any vector field ξ on Y tangent to F .
Proof. The first statement is trivial by definition of the null foliation and the second
is an immediate consequence of the Cartan identity
Lξω = d(ξ⌋ω) + ξ⌋dω.
The first term vanishes since X is tangent to the null foliation F . On the other
hand, the second term becomes
ξ⌋dω = −ξ⌋(b ∧ ω) = −b(ξ)ω + b ∧ (ξ⌋ω) = −b(ξ)ω
which finishes the proof. 
One immediate consequence of the presence of the transverse l.c.p-s. form above
is that any transverse section T of the foliation F carries a natural l.c.s. form: in
any foliation coordinates, it follows from E = kerω = span{ ∂
∂qα
}1≤α≤n−k that we
have
π∗ω =
1
2
∑
2k≥i>j≥1
ωijdy
i ∧ dyj , (5.1)
where ωij = ω(
∂
∂yi
, ∂
∂yj
) is skew-symmetric and invertible.
The condition (2) above implies
ωij;β = bβωij (5.2)
where b =
∑
j bjdy
j+
∑
β bβdq
β in the foliation coordinates (y1, · · · , y2k, q1, · · · qn−k).
Note that this expression is independent of the choice of splitting as long as y1, · · · , y2k
are those coordinates that characterize the leaves of E by
y1 = c1, · · · , yℓ = cℓ, ci’s constant. (5.3)
By the closedness of the one-form b, (5.2) gives rise to the following proposition.
Proposition 5.3. Let L be a leaf of the null foliation F on (Y, ω), λ a path in L,
and let T and S be transverse sections of F with λ(0) ∈ T and λ(1) ∈ S. Then the
holonomy map
holS,T (λ) : (T, λ(0))→ (S, λ(1))
defines the germ of a l.c.s. diffeomorphism. In particular, each transversal T to
the null foliation carries a natural holonomy-invariant l.c.s. structure.
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6. Master equation and equivalence relations; classical part
Let us recall the proof of the fact the a graph of a 1-form s ∈ Ω1(L) is Lagrangian
with respect to the canonical symplectic form on TL if and only if ds = 0. This
fact is a direct consequence of the following formula
s∗(θ) = s,
which is obtained by
〈s∗(θ), δq〉 = 〈θ, s∗(δq)〉 = s(π∗s∗δq) = s(δq)
where δq stands for the infinitesimal variation of q. Similarly we will derive the
second equation for the graph Γs of a section s : Y → E
∗ ∼= NY to be coisotropic
with respect to ωG (Theorem 6.2). We also call the corresponding equation the
classical part of the master equation (cf. Theorem 8.1). We will study the full (lo-
cal) moduli (with respect to different equivalence relations) problem of coisotropic
submanifolds by analyzing the condition that the graph of a section s : Y → U in
the symplectic thickening U is to be coisotropic with respect to ωG (Lemmas 6.6,
6.7).
6.1. Description of coisotropic Granssmannian. In this section, we recall
some basic algebraic facts on the coisotropic subspace C (with real dimensions
n + k where 0 ≤ k ≤ n) in Cn from [OP]. We denote by Cω the ω-orthogonal
complement of C in R2n and by Γk the set of coisotropic subspaces of (R
2n, ω). In
other words,
Γk = Γk(R
2n, ω) =: {C ∈ Grn+k(R
2n) | Cω ⊂ C}. (6.1)
From the definition, we have the canonical flag,
0 ⊂ Cω ⊂ C ⊂ R2n
for any coisotropic subspace. We call (C,Cω) a coisotropic pair. Combining this
with the standard complex structure on R2n ∼= Cn, we have the splitting
C = HC ⊕ C
ω (6.2)
where HC is the complex subspace of C.
Next we give a parametrization of all the coisotropic subspaces near given C ∈
Γk. Up to the unitary change of coordinates we may assume that C is the canonical
model
C = Ck ⊕ Rn−k.
We denote the (Euclidean) orthogonal complement of C by C⊥ = iRn−k which is
canonically isomorphic to (Cω)∗ via the isomorphism ω˜ : Cn → (Cn)∗. Then any
nearby subspace of dimension dimC that is transverse to C⊥ can be written as the
graph of the linear map
A : C → C⊥ ∼= (Cω)∗
i.e., has the form
CA := {(x,Ax) ∈ C ⊕ C
⊥ = R2n | x ∈ C}. (6.3)
Denote A = AH ⊕AI where
AH : H = C
k → C⊥ ∼= (Cω)∗,
AI : C
ω = Rn−k → C⊥ ∼= (Cω)∗.
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Note that the symplectic form ω induce the canonical isomorphism
ω˜H : Ck → (Ck)∗,
ω˜I : Rn−k = Cω → (Cω)∗ ∼= C⊥ = iRn−k.
With this identification, the symplectic form ω has the form
ω = π∗ω0,k +
n−k∑
i=1
dxi ∧ dy
i, (6.4)
where ω0,k is the standard symplectic form in C
k, π : Cn → Ck the projection,
and (x1, · · · , xn−k) the standard coordinates of R
n−k and (y1, · · · , yn−k) its dual
coordinates of (Rn−k)∗. We also denote by πH : (C
k)∗ → Ck the inverse of the
above mentioned canonical isomorphism ω˜H .
The following statements are fundamental in our work.
Proposition 6.1. Let CA be as in (6.3).
(1) The subspace CA is coisotropic if and only if AH and AI satisfies
AI − (AI)
∗ +AHπH(AH)
∗ = 0. (6.5)
(2) The subspace CA is coisotropic, if and only if ω
k+1|CA = 0.
Proof. The first assertion of Proposition 6.1 is Proposition 2.2 in [OP]. The second
assertion of Proposition 6.1 follows from the observation that CA is coisotropic, if
and only the restriction ω|CA is maximally degenerate, i.e. rank(ω|CA) = rankπ
∗ω0,k
= k. 
6.2. The equation for coisotropic sections. Note that the projection pG :
TY → E induces a bundle map p∗G : E
∗ → T ∗Y by
〈p∗G(s), δq〉 := 〈s, pG(δq)〉
for any s ∈ E∗ and δq ∈ Tπ(s)Y .
As before, assume that m = dimY = dimE∗ − (n− k) = n+ k.
Theorem 6.2. The graph Γs of a section s : Y → (U ⊂ E
∗, ωG, π
∗b) is coisotropic
if and only if the 2-form ωG(s) := ω|Y −d
b(p∗G(s)) ∈ Ω
2(Y ) is maximally degenerate,
i.e. (ωG(s))
k+1 = 0.
Proof. By Proposition 6.1, Γs is coisotropic if and only if the restriction of ωG to
Γs is maximally degenerate, or equivalently (ωG)
k+1
|Γs
= 0. Since ωG ◦ s∗ = s
∗(ωG)
we get
(ωG)
k+1|Γs = 0⇐⇒ (s
∗(ωG)|Y )
k+1 = 0. (6.6)
By (3.4) we have
s∗(ωG)|Y = s
∗(π∗(ω|Y )− d
π∗bθG) = ω|Y − s
∗(dπ
∗bθG) = ω|Y − d
b(s∗θG). (6.7)
Using (3.3) we obtain for any y ∈ Y and any ∂q ∈ TyY
〈s∗(θG), δq〉y = 〈θG, s∗(∂q)〉 = s(pG ◦ π∗ ◦ s∗δq) = s(pG(δq)). (6.8)
It follows from (6.7) and (6.8)
s∗(ωG)|Y = (ω|Y )− d
b(p∗G(s)). (6.9)
Theorem 6.2 follows immediately from (6.9). 
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6.3. (Pre-)Hamiltonian equivalence and infinitesimal equivalence. In this
section, we clarify the relation between the intrinsic pre-Hamiltonian equivalence
(resp. intrinsic l.c.p-s. equivalence) between the l.c.p-s. structures (ω, b) and
the extrinsic Hamiltonian equivalence (resp. extrinsic l.c.s. equivalence) between
coisotropic embeddings in (U, ωG, π
∗b). The intrinsic pre-Hamiltonian equivalence
is provided by the pre-Hamiltonian diffeomorphisms (Definition 6.1) on the l.c.p-
s. manifold (Y, ω, b) and the extrinsic ones by Hamiltonian deformations of its
coisotropic embedding into (U, ωU , π
∗b) (Definition 6.3). The intrinsic l.c.p-s. equiv-
alence is provided by l.c.p-s. diffeomorphisms and the extrinsic ones by l.c.s. de-
formations of its coisotropic embedding into (U, ωU , π
∗b). The infinitesimal ((pre-
)Hamiltonian) equivalence is a natural infinitesimal version of the intrinsic/extrinsic
((pre-)Hamiltonian) equivalence.
First we shall prove
Lemma 6.3. A vector field ξ on an l.c.p-s. manifold (Y, ω, b) is l.c.p-s. if and only
if
db(ξ⌋ω) = c ω for some c ∈ R. (6.10)
Proof. Assume that ξ is l.c.p-s. vectorfield on Y . To prove (6.10) we note that a
l.c.p-s. vector field ξ on a l.c.p-s. manifold (Y, ω, b) satisfies the following equation
for some smooth function u ∈ C∞(Y ) (see Definition 2.4)
Lξω = −uω
⇐⇒ ξ⌋dω + d(ξ⌋ω) = −uω
⇐⇒ −b(ξ)ω + db(ξ⌋ω) = −uω
⇐⇒ db(ξ⌋ω) = (−u+ b(ξ))ω. (6.11)
By Definition (2.4) Lξb = du, or equivalently
d(b(ξ)− u) = 0.
Comparing this with (6.11) we obtain (6.10) immediately.
Now assume that a vector field ξ on Y satisfies (6.10). Set
u := b(ξ)− c.
Then (6.11) holds. The above computations yield
Lξω = −uω.
Since Lξb = d(b(ξ)) = du, we conclude that ξ is l.c.p-s. This completes the proof
of Lemma 6.3. 
We define a b-deformed Lie derivative as follows
Lbξ(φ) := d
b ◦ iξ + iξ ◦ d
b. (6.12)
The following statements are direct consequences of Lemma 6.3, hence we omit
their proof.
Corollary 6.4. Let (Y, ω, b) be an l.c.p-s. manifold.
(1) Assume that [ω] 6= 0 ∈ H2b (Y,R). Then any l.c.p-s. vector field ξ on
(Y, ω, b) satisfies db(ξ⌋ω) = 0 (the constant c in (6.10) is zero), equivalently,
Lbξ(ω) = 0.
(2) Assume that ω = dbθ for some θ ∈ Ω1(Y ). Then ξ⌋ω = cθ + α for some
α ∈ ker db ∩ Ω1(Y ). In this case Lbξω = c ω.
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Lemma 6.3 motivates the following definition
Definition 6.1. A vector field ξ on an l.c.p-s. manifold (Y, ω, b) is called pre-
Hamiltonian, if ξ⌋ω = dbf for some f ∈ C∞(Y ). A diffeomorphism φ is called
pre-Hamiltonian, if it is generated by a time-dependent pre-Hamiltonian vector
field.
Remark 6.2. (1) If Y is an l.c.s. manifold, our definition of a pre-Hamiltonian
vector field coincides with the definition of a Hamiltonian vector field given
by Vaisman [V2, (2.3)]. For b = 0, our definition of a pre-Hamiltonian
vector field agrees with the definition in [OP, Definition 3.3].
(2) Clearly, any vector field ξ on Y tangent to F is pre-Hamiltonian with the
Hamiltonian f = 0. Using Lemma 6.3 we obtain again the second assertion
of Proposition 5.2, noting that the corresponding constant c is zero.
The following Theorem is an extension of Theorem 8.1 in [OP].
Theorem 6.5. Any l.c.p-s. (resp. pre-Hamiltonian) vector field ξ on an l.c.p-s.
manifold (Y, ω, b) can be extended to an l.c.s. (resp. Hamiltonian) vector field on
(U, ωG, π
∗b).
Proof. Let ξ be a l.c.p-s. (resp. pre-Hamiltonian) vector field on (Y, ω, b). We
decompose
ξ = ξG + ξE
where ξG ∈ G and ξE is tangent to F . By Remark 6.2 (2), ξE is pre-Hamiltonian,
hence it suffices to show that
(1) ξE extends to a Hamiltonian vector field on (U, ωG, π
∗b);
(2) ξG extends to a l.c.s. (resp. Hamiltonian) vector field on (U, ωG, π
∗b).
To prove (1), we define a Hamiltonian function f̂ on (U ⊂ E∗, ωG, π
∗b) as follows
f̂(α̂) := 〈α̂, ξE〉.
It is straightforward to check that
f̂ |Y = 0 = f, and (d
bf̂)|Y = (df̂ )|Y . (6.13)
Denote by (dπ
∗bf̂)#ωG the associated Hamiltonian vector field on U . Using (6.13),
(7.5) and the coordinate expression of ωG in (7.8), we obtain easily that
ξE(y) = (d
π∗bf̂)#ωG(y)
for all y ∈ Y . This proves (1).
Now we shall show (2). Since ωG|F = 0, we have
(ξG⌋ωG)(y) = (ξG⌋ω)(y) (6.14)
for all y ∈ Y . Suppose [ω] = 0 ∈ H2b (Y ) = H
2
π∗b(U). Then ωG = d
π∗bθU for some
1-form θU on Y . Since
(dπ
∗bθU )|Y = d
b(θU )|Y ,
the one-form
θ := (θU )|Y (6.15)
satisfies the condition in Corollary 6.4 (2). Using Corollary 6.4 (2), formulas (6.14),
(6.15) and the non-degeneracy of ωU , we observe that the extendability of ξG is
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equivalent to the extendability of the one-form α associated to ξG as in Corollary
6.4 (2) to a one-form αU on U satisfying the following condition:
dπ
∗bαU = 0 and (αU )|Y = α. (6.16)
Set αU := π
∗(α). Then αU satisfies (6.16). This proves Theorem 6.5 for the case
[ω] = 0 ∈ H2b (Y ).
Now assume that [ω] 6= 0 ∈ H2b (Y ) = H
2
π∗b(U). By Corollary 6.4(1) d
b(ξ⌋ω) = 0,
or equivalently, ξG⌋ω = γ, where d
bγ = 0. Since ωU is non-degenerate, using (6.14),
we note that the required extendability of ξG is equivalent to the extendability γ
to a one-form γU on U such that d
π∗bγU = 0. Clearly γU := π
∗(γ) satisfies the
required condition. This proves (2) and completes the proof of Theorem 6.5. 
Now we study the geometry of the master equation for coisotropic sections s ∈
E∗. By Proposition 6.1, the coisotropic condition for s is given by
(ω − db(p∗Gs))
k+1 = 0 ∈ Ω2k+2(Y ). (6.17)
Abbreviate p∗Gs as sG and p
∗
G(E
∗) as G◦. Note that G◦ ⊂ T ∗Y is the annihilator
of G. We rewrite the master equation (6.17) in the following form
sG ∈ G
◦,
(ω − dbsG)
k+1 = 0. (6.18)
Since p∗G|E∗ : E
∗ → G◦ is a bundle isomorphism, Y is also a coisotropic sub-
manifold in (p∗G(U) ⊂ G
◦, (p∗G|
−1
E∗)
∗(ωG)). Abusing the notation, we abbreviate
(p∗G|
−1
E∗)
∗(ωG) as ωG and p
∗
G(U) as U . Clearly, the linearized equation of (6.18) at
the zero section is
ωk ∧ dbα = 0. (6.19)
Since ωk|G 6= 0 and ω
k+1 = 0, the linearized equation of (6.17) is equivalent to the
following equation
db¯Fα = 0 (6.20)
for a section α ∈ E∗. Here b¯ denote the restriction of b to F .
Definition 6.3. Two sections s0, s1 : Y → U ⊂ G
◦ are called Hamiltonian equiv-
alent (resp. l.c.s. equivalent), if there exists a family of Hamiltonian diffeomor-
phisms (resp. l.c.s. diffeomorphisms) ψt of (U, ωG) and a family of diffeomorphisms
gt ∈ Diff(Y ), t ∈ [0, 1], such that g0 = Id|Y , ψ0 = Id|U and s1 = ψ1 ◦ s0 ◦ g1.
Two sections ξ0, ξ1 : Y → U are called infinitesimally Hamiltonian equivalent
(resp. infinitesimally l.c.s. equivalent), if ξ0 − ξ1 is the vertical (fiber) component
of a Hamiltonian (resp. l.c.s.) vector field on (U, ωG).
Clearly, if s0 and s1 are (Hamiltonian) equivalent sections, and s0 is a coisotropic
section, then s1 is also a coisotropic section.
Lemma 6.6. Two solutions of the linearized equation (6.20) are infinitesimally
Hamiltonian equivalent if and only if they are cohomologous as elements in Ω1b(Y, ω).
Consequently, the set of equivalence classes of the infinitesimally Hamiltonian equiv-
alent solutions of the linearized equations is H1b (Y, ω).
Proof. It suffices to prove Lemma 6.6 for the case where one of the two solutions is
the zero section. For f ∈ C∞(U) denote by (dπ
∗bf)#ωG the associated Hamiltonian
vector field on U . We identify Y with the zero section of G◦ ⊃ U and for y ∈ Y
we denote by T very G
◦ the vertical (fiber) component of TyG
◦ = TyY ⊕G
◦
y. For any
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V ∈ TyG
◦ denote by V ver the vertical component of V . Now assume that a section
ξ : Y → U ⊂ G◦ is infinitesimally Hamiltonian equivalent to the zero section, i.e.
there exists f ∈ C∞(U) such that ξ = (dπ
∗bf)ver#ωG. Abusing notation we denote by
π the projection G◦ → Y . Using (7.5) and (7.8), we obtain for all y ∈ Y
(dπ
∗bf)ver#ωG(y) = (d
π∗bf |π−1(F))
ver
f∗
β
∧dpβ
(y) = db¯Ff(y), (6.21)
where (dπ
∗bf |π−1(F))
ver
f∗
β
∧dpβ
(y) denotes the vertical (fiber) component of the vector
in Ty(π
−1(F)) = E(y) ⊕ E∗(y) that is dual to the one-form dπ
∗bf |π−1(F)(y) with
respect to the non-degenerate two-form
∑
β f
∗
β ∧ dpβ(y) ∈ Λ
2T ∗y (π
−1(F)). Hence
[ξ] = 0 ∈ H1b (Y, ω).
Now assume that ξ = db¯Ff where f ∈ Ω
0(U). By (6.21) ξ is infinitesimally
Hamiltonian equivalent to the zero section. This proves the first assertion of Lemma
6.6. The second assertion is an immediate consequence of the first one and (6.20).
This completes the proof of Lemma 6.6. 
Next, let us consider the case where ξ is infinitesimally l.c.s. equivalent to the
zero section, i.e. there is a l.c.s. vector field ξ̂ on U such that ξ(y) is the vertical
(fiber) component of ξ̂(y) for all y ∈ Y .
(1) The case with [ωG] 6= 0 ∈ H
2
π∗b(U,R) = H
2
b (Y,R): Corollary 6.4 (1) implies
that db¯(ξ̂⌋ωG) = 0. The same argument as in the proof of Lemma 6.6 yields
that for all y ∈ Y
ξ(y) = (ξ̂⌋ωG)|F (y) ∈ E
∗(y).
This leads to specify a subgroup H1
b¯,ext
(F) of the group H1
b¯
(F) whose el-
ements are the restriction of dπ
∗b-closed one-forms on U . It is easy to see
that
H1
b¯,ext
(F) = i∗(H1b (Y )),
where i : F → Y is the natural inclusion.
(2) The case with ωG = d
bθU for some θU ∈ Ω
1(U): Clearly dbF(θU |F ) = 0.
Corollary 6.4 (2) implies that (ξ̂⌋ωG)|F = cθU |F + α|F , where α ∈ Ω
1(U)
and dπ
∗bα = 0. Using the argument in the proof of Lemma 6.6 we get
ξ(y) = cθU |F (y) + α|F (y) ∈ E
∗(y).
The discussion above yields immediately
Lemma 6.7. Denote H1b (Y, ω) = H
1
b¯
(F). The set of the infinitesimal l.c.s. equiv-
alence classes of the solutions ξ of the linearized equation (6.20) has one-one cor-
respondence with
(1) H1b (Y, ω)/i
∗(H1b (Y )) if [ω] 6= 0 in H
2
b (Y ) and
(2) H1b (Y, ω)/(i
∗(H1b (Y )) + 〈θ|F 〉⊗R) if ω = d
bθ.
7. Geometry of the l.c.s. thickening of a l.c.p-s. manifold
In this section, imitating the scheme performed for the pre-symplectic manifolds
in [OP], we introduce special coordinates in the l.c.s. thickening (U, ωU , π
∗b) of a
l.c.p-s. manifold and we compute important geometric structures in these coor-
dinates ((7.4), (7.8), (7.11)), preparing for our study of deformations of compact
coisotropic submanifolds in l.c.s. manifolds in the next two sections.
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Again we start with a splitting
TY = G⊕ E,
the associated bundle projection Π : TY → TY , the associated canonical one form
θG, and the l.c.s. form
ωU = π
∗ω − dπ
∗bθG (7.1)
on U ⊂ E∗. Let
(y1, · · · , y2k, q1, · · · , qn−k)
be coordinates on Y adapted to the null foliation on an open subset V ⊂ Y . By
choosing the frame
{f∗1 , · · · , f
∗
n−k}
of E∗ that is dual to the frame { ∂
∂q1
, · · · , ∂
∂qn−k
} of E, we introduce the canon-
ical coordinates on E∗ by writing an element α̂ ∈ E∗ as a linear combination of
{f∗1 , · · · , f
∗
n−k}
α̂ = pβf
∗
β ,
and taking
(y1, · · · , y2k, q1, · · · , qn−k, p1, · · · , pn−k)
as the associated coordinates.
For a given splitting Π : TY = G⊕ TF , there exists the unique splitting of TU
TU = G♯ ⊕ Tπ−1(F) (7.2)
that satisfies
G♯ = (Tα̂π
−1(F))ωU (7.3)
for any α̂ ∈ U , which is invariant under the action of l.c.s. diffeomorphisms on
(U, ωU , π
∗b) that preserve the leaves of π−1(F).
Definition 7.1. We call the above unique splitting the leafwise l.c.s. connection
of U → Y compatible to the splitting Π : TY = G ⊕ TF or simply a leafwise l.c.s.
Π-connection of U → Y .
We would like to emphasize that this connection is not a vector bundle connection
of E∗ although U is a subset of E∗, which reflects nonlinearity of this connection.
We refer the reader to subsection 13.1 for more detailed explanation.
Note that the splitting Π naturally induces the splitting
Π∗ : T
∗Y = (TF)◦ ⊕G◦.
For the given splitting TY = G⊕ E we can write, as in [OP, (4.5)],
Gx = span
{
∂
∂yi
+
m−l∑
α=1
Rαi
∂
∂qα
}
1≤i≤l
for some Rαi s, which are uniquely determined by the splitting and the given coor-
dinates.
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To derive the coordinate expression of θG, we compute
θG
( ∂
∂yi
)
= α̂
(
pG ◦ Tπ(
∂
∂yi
)
)
= α̂
(
pG(
∂
∂yi
)
)
= pβf
∗
β
(
−Rαi
∂
∂qα
)
= −pαR
α
i ,
θG
( ∂
∂qβ
)
= pβ, θG
( ∂
∂pβ
)
= 0.
Hence we derive
θG = pβ(dq
β −Rβi dy
i). (7.4)
Here we note that
(dqβ −Rβi dy
i)|Gx ≡ 0.
This shows that if we identify E∗ = T ∗F with G◦, then we may write the dual
frame on T ∗F as
f∗β = dq
β −Rβi dy
i. (7.5)
Motivated by this, we write
dθG = dpβ ∧ (dq
β −Rβi dy
i)− pβdR
β
i ∧ dy
i
= dpβ ∧ (dq
β −Rβi dy
i)− (dqγ −Rγj dy
j) ∧ pβ
∂Rβi
∂qγ
dyi
−pβ
(
∂Rβi
∂yj
−Rγj
∂Rβi
∂qγ
)
dyj ∧ dyi (7.6)
and
π∗b ∧ θG = (bγdq
γ + bidy
i) ∧ pδ(dq
δ −Rδjdy
j). (7.7)
Combining (7.6), (7.7) and (5.1), we derive
ωU =
1
2
(
ωij − pβF
β
ij
)
dyi ∧ dyj
−
(
dpν + pν(bγdq
γ + bidy
i) + pβ
(
∂Rβi
∂qν
)
dyi
)
∧ (dqν −Rνj dy
j)
=
1
2
(
ωij − pβF
β
ij
)
dyi ∧ dyj
−
(
dpν + pνbγ
(
dqγ −Rγi dy
i
)
+
(
pν(bi + bγR
γ
i ) + pβ
∂Rβi
∂qν
)
dyi
)
∧(dqν −Rνj dy
j) (7.8)
similarly as in the derivation of [OP, (6.8)], where F βij are the components of the
transverse Π-curvature of the null-foliation given by (13.5) in the Appendix.
Note that we have
Tπ−1(F) = span
{ ∂
∂q1
, · · · ,
∂
∂qn−k
,
∂
∂p1
, · · · ,
∂
∂pn−k
}
which is independent of the choice of the above induced foliation coordinates of
TU .
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Now we compute G♯ = (Tπ−1(F))ωU in TU in terms of these induced foliation
coordinates. We will determine when the expression
aj(
∂
∂yj
+Rαj
∂
∂qα
) + dβ
∂
∂qβ
+ cγ
∂
∂pγ
satisfies
ωU
(
aj(
∂
∂yj
+Rαj
∂
∂qα
) + dβ
∂
∂qβ
+ cγ
∂
∂pγ
, T π−1(F)
)
= 0.
It is immediate to see by pairing with ∂
∂pµ
dβ = 0, β = 1, · · · , n− k. (7.9)
Next we study the equation
0 = ωU
(
aj(
∂
∂yj
+Rαj
∂
∂qα
) + cγ
∂
∂pγ
,
∂
∂qν
)
for all ν = 1, · · · , n− k. A straightforward check provides
aj
(
pν(bi + bγR
γ
i ) + pβ
∂Rβi
∂qν
)
+ cν = 0 (7.10)
for all ν and j. Combining (7.9) and (7.10), we have obtained
(Tπ−1(F))ωU = span
{
∂
∂yj
+Rαj
∂
∂qα
−
(
pν(bi + bγR
γ
i ) + pβ
∂Rβi
∂qν
)
∂
∂pν
}
1≤j≤2k
.
(7.11)
Remark 7.2. Just as we have been considering Π : TY = G⊕TF as a “connection”
over the leaf space, we may consider the splitting Π♯ : TU = G♯ ⊕ T (π−1F) as the
leaf space connection canonically induced from Π under the fiber-preserving map
π : U → Y
over the same leaf space Y/ ∼: Note that the space of leaves of F and π−1F are
canonically homeomorphic.
8. Master equation in coordinates
We will derive the first equation for the graph of a section s : Y → E∗ ∼= NY
to be coisotropic with respect to ωU (Theorem 8.1), which is a natural extension
of a similar equation in the symplectic setting obtained in [OP]. We call the cor-
responding equation the classical part of the master equation for the deformation
theory of coisotropic submanifolds.
Recall that an Ehresmann connection of U → Y with a structure group H is a
splitting of the exact sequence
0→ V TU −→ TU
Tπ
−→ TY → 0
that is invariant under the action of the group H . Here H is not necessarily a finite
dimensional Lie group. In other words, an Ehresmann connection is a choice of
decomposition
TU = HTU ⊕ V TU
that is invariant under the fiberwise action of H . Recalling that there is a canon-
ical identification Vα̂TU ∼= Vα̂TE
∗ ∼= E∗π(α̂), a connection can be described as a
horizontal lifting HTα̂U of TY to TU at each point y ∈ Y and α̂ ∈ U ⊂ E
∗ with
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π(α̂) = y. We denote by F# ⊂ HTU the horizontal lifting of a subbundle F ⊂ TY
in general.
Let (y1, · · · , y2k, q1, · · · , qn−k) be foliation coordinates of F on Y and
(y1, · · · , y2k, q1, · · · , qn−k, p1, · · · , pn−k)
be the induced foliation coordinates of π−1(F) on U . Then G# = (Tπ−1(F))ωU
has the natural basis given by
ej =
∂
∂yj
+Rαj
∂
∂qα
−
(
pν(bi + bγR
γ
i ) + pβ
∂Rβi
∂qν
)
∂
∂pν
(8.1)
which are basic vector fields of T (π−1F). We also denote
fα =
∂
∂qα
.
We define a local lifting of E
E♯ = span
{
f1, · · · , fn−k
}
. (8.2)
The lifting (8.2) of E provides a local splitting
TU = (G♯ ⊕ E♯)⊕ V TU → TY
and defines a locally defined Ehresmann connection on the bundle U → Y . From
the expression (7.8) of ωU , it follows that G
♯ ⊕ E♯ is a coisotropic lifting of TY to
TU . We denote by Πv : TU → V TU the vertical projection with respect to this
splitting.
With this preparation, we are finally ready to derive the master equation. Let
s : Y → U ⊂ E∗ be a section and denote
∇s := Πv ◦ ds (8.3)
its locally defined “covariant derivative”. In coordinates (y1, · · · , y2k, q1, · · · , qn−k),
we have
ds
( ∂
∂yj
)
=
∂
∂yj
+
∂sα
∂yj
∂
∂pα
= ej −R
α
j
∂
∂qα
+
(
∂sν
∂yj
+ sν(bi + bγR
γ
i ) + sβ
∂Rβi
∂qν
)
∂
∂pν
.
Therefore we have derived
∇s
( ∂
∂yj
)
=
(
∂sν
∂yj
+ sν(bi + bγR
γ
i ) + sβ
∂Rβi
∂qν
)
∂
∂pν
. (8.4)
Similarly we compute
ds
( ∂
∂qν
)
=
∂
∂qν
+
∂sα
∂qν
∂
∂pα
=
∂
∂qν
+
∂sα
∂qν
∂
∂pα
,
and so
∇s
( ∂
∂qν
)
=
∂sα
∂qν
∂
∂pα
. (8.5)
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Recalling that Tα̂U = (E
#
α̂ ⊕ V Tα̂U)
ωU ⊕ E#α̂ ⊕ V Tα̂U , we conclude that the
graph of ds with respect to the frame{
e1, · · · , e2k, f1, · · · , fn−k,
∂
∂p1
, · · · ,
∂
∂pn−k
}
can be expressed by the linear map
AH : (E
# ⊕ V TU)ωU → V TU ∼= E∗; (AH)
i
α = ∇isα,
AI : E
# → V TU ∼= E∗; (AI)
β
α = ∇βsα,
where
∇s
( ∂
∂yi
)
= (∇isα)
∂
∂qα
, ∇isα :=
∂sα
∂yj
+ sα(bi + bγR
γ
i ) + sβ
∂Rβi
∂qα
,
∇s
( ∂
∂qβ
)
= (∇βsα)
∂
∂qα
, ∇βsα :=
∂sα
∂qβ
, (8.6)
Finally we note that
ωU (s)(ei, ej) = wij − sβF
β
ij := ω˜ij
and denote its inverse by (ω˜ij). Note that (ω˜ij) is invertible if sβ is sufficiently
small, i.e., if the section s is C0-close to the zero section, or its image stays inside
of U . Now Proposition 2.2 immediately implies
Theorem 8.1. Let ∇s be the vertical projection of ds as in (8.4). Then the graph
of the section s : Y → U is coisotropic with respect to ωU if and only if s satisfies
∇isαω˜
ij∇jsβ = ∇βsα −∇αsβ (8.7)
for all α > β or
1
2
(∇isαω˜
ij∇jsβ)f
∗
α ∧ f
∗
β = (∇βsα)f
∗
α ∧ f
∗
β (8.8)
where f∗α is the dual frame of {
∂
∂q1
, · · · , ∂
∂qn−k
} defined by (7.5).
Note that (8.8) involves terms of all order of sβ because the matrix (ω˜
ij) is the
inverse of the matrix
ω˜ij = ωij − sβF
β
ij .
There is a special case where the curvature vanishes i.e., satisfies
FG = F
β
ij
∂
∂qβ
⊗ dyi ∧ dyj = 0 (8.9)
in addition to (5.3). In this case, ω˜ij = ωij which depends only on y
i’s and so does
ωij . Therefore (8.8) is reduced to the quadratic equation
1
2
(∇isαω
ij∇jsβ)f
∗
α ∧ f
∗
β = (∇βsα)f
∗
α ∧ f
∗
β . (8.10)
9. Deformation of strong homotopy Lie algebroids
In this section, we provide an invariant description of the master equation we
have derived in the previous section. This can be regarded as the equation for the
coisotropic submanifolds in the formal power series version of the equation or in
the formal manifold in the sense of Kontsevich [K], [AKSZ].
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9.1. b-deformed Oh-Park’s strong homotopy Lie algebroids [OP]. We start
with the normal form (7.1) of the symplectic thickening. We also note that the
discussion of leaf space connection and the curvature, in particular the one-form
θG does not depend on the closed one-form b but only depends on the conformal
pre-symplectic form ω and the splitting TY = G⊕ E only. In this regard, we can
view the normal form in (7.1) as a deformation of the nondegenerate two form
π∗ω − dθG
to a conformal symplectic form relative to π∗b. So from now on, we denote ωU =
π∗ω − dθG and
ωbU = ωU − d
π∗bθG. (9.1)
This deformation is responsible for the appearance of b-terms in (7.8) and then
(7.11), (8.1) and eventually for the covariant derivative (8.4).
Again we regard (8.6) as the deformation of the old covariant derivative formula
appearing in [OP, (7.3)] and denote the full covariant derivative
∇bs = ∇s+ b|Fs+ 〈b|R|s (9.2)
where b|F is the restriction to the null-foliation of the one-form b and 〈b|R| is the
pairing of b and R which produces a one-form on G with values in TF .
Now we give a deformed version of the notion of strong homotopy Lie algebroid
introduced in [OP].
Definition 9.1. Let E → Y be a Lie algebroid. A b-deformed L∞-structure over
the Lie algebroid is a structure of strong homotopy Lie algebra (l[1],m) on the
associated b-deformed E-de Rham complex l• = Ω•(E) = Γ(Λ•(E∗)) such that m1
is the E-differential Edb¯ induced by the (deformed) Lie algebroid structure on E
as described in subsection 13.2. We call the pair (E → Y,m) a b-deformed strong
homotopy Lie algebroid.
Here we refer to [NT] or Appendix 13.2 for the definition of E-differential used
in this definition.
With this definition of a b-deformed strong homotopy Lie algebroid, we will show
that for given l.c.p-s. manifold (Y, ω, b) each splitting Π : TY = G⊕ TF induces a
canonical L∞-structure over the Lie algebroid TF → Y .
The following linear map and quadratic map are introduced in [OP] which play
crucial roles in the construction of L∞-structure on the foliation de Rham complex:
a linear map
ω˜ : Ω1(Y ; Λ•E∗)→ Γ(Λ•+1E∗) = Ω•+1(F), (9.3)
a quadratic map
〈·, ·〉ω : Ω
1(Y ; Λℓ1E∗)⊗ Ω1(Y ; Λℓ2E∗)→ Ωℓ1+ℓ2(F), (9.4)
and the third map that is induced by the transverse Π-curvature, whose definition
is now in order.
We recall the definitions of those maps. The linear map ω˜ is defined by
ω˜(A) := (A|E)skew . (9.5)
Here note that an element A ∈ Ω1(Y ; ΛkE∗) is a section of T ∗Y ⊗ΛkE∗. Restricting
A to E for the first factor we get A|E ∈ E
∗ ⊗ ΛkE∗. Then (A|E)skew is the skew-
symmetrization of A|E . The quadratic map is defined by
〈A,B〉ω := 〈A|π|B〉 − 〈B|π|A〉
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where π is the transverse Poisson bi-vector on N∗F associated to the transverse
symplectic form ω on NF .
We will denote
F# := Fω−1 = Fαji dy
i ⊗
( ∂
∂yj
+Rβj
∂
∂qβ
)
⊗
∂
∂qα
∈ Γ(G∗ ⊗G⊗ E), (9.6)
where Fαji = F
α
ikω
kj . Note that we can identify Γ(G∗ ⊗ G ⊗ E) with Γ(N∗F ⊗
NF ⊗ E) via the isomorphism πG : G→ NF .
For given ξ ∈ Ωℓ(F), we define
dbF (ξ) := (∇
bξ|E)skew , (9.7)
and deformed bracket
{ξ1, ξ2}
b
Π := 〈∇
bξ1,∇
bξ2〉ω =
∑
i<j
ωij(∇biξ1) ∧ (∇
b
jξ2). (9.8)
Here the map in (9.7) is nothing but the b¯-deformed leafwise differential of the null
foliation which is indeed independent of the choice of splitting Π : TY = G ⊕ TF
but depends only on the foliation and the projection of the one-form b to F , see
also subsection 13.2. By Remark 2.2 the obtained leafwise differential depends only
on ω. We use dbF and d
b¯
F interchangeably.
The second is a bracket in the transverse direction which is a b-deformation of
the one given in [OP, (9.13)].
Now we promote the maps dbF and {·, ·}
b to an infinite family of graded multi-
linear maps
m
b
ℓ = (Ω[1]
•(F))⊗ℓ → Ω[1]•(F) (9.9)
so that the structure n−k⊕
j=0
l[1]j ; {mbℓ}1≤ℓ<∞

defines a strong homotopy Lie algebroid on E = TF → Y in the above sense. Here
Ω[1]•(F) is the shifted complex of Ω•(F), i.e., Ω[1]k(F) = Ωk+1(F) and m1 is
defined by
m
b
1(ξ) = (−1)
|ξ|dbF(ξ)
and m2 is given by
m
b
2(ξ1, ξ2) = (−1)
|ξ1|(|ξ2|+1){ξ1, ξ2}
b
Π.
On the un-shifted group l, dbF defines a differential of degree 1 and {·, ·}ω is a graded
bracket of degree 0 and mbℓ is a map of degree 2− ℓ.
We now define mbℓ for ℓ ≥ 3. Here enters the transverse Π-curvature F = FΠ of
the splitting Π of the null foliation F . We define
m
b
ℓ(ξ1, · · · , ξℓ) :=
∑
σ∈Sℓ
(−1)|σ|〈∇bξσ(1), (F
#⌋ξσ(2)) · · · (F
#⌋ξσ(ℓ−1))∇
bξσ(ℓ)〉ω
(9.10)
where |σ| is the standard Koszul sign in the suspended complex. We have now ar-
rived at our definition of strong homotopy Lie algebroid associated to the coisotropic
submanifolds, which is a b-deformation of the one introduced in [OP, section 9],
but which is applied after enlarging our category to that of locally conformal pre-
symplectic two forms instead of pre-symplectic two forms.
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Theorem 9.1. Let (Y, ω, b) be a l.c.p.s. manifold and Π : TY = G ⊕ TF be a
splitting. Then Π canonically induces a structure of strong homotopy Lie algebroid
on TF in that the graded complex(⊕
•
Ω[1]•(F), {mbℓ}1≤ℓ<∞
)
defines the structure of strong homotopy Lie algebra. We denote by l(Y,ω,b;Π) the
corresponding strong homotopy Lie algebra.
Proof. The proof of this theorem follows the strategy used in the proof of Theorem
9.4 [OP], which uses the formalism of super-manifolds and odd symplectic structure
on the super tangent bundle T [1]U [AKSZ] of the l.c.p.s. thickening U of (Y, ω, b).
We change the parity of TU along the fiber and denote by T [1]U the corre-
sponding super tangent bundle of U . One considers a multi-vector field on U as a
(fiberwise) polynomial function on T ∗[1]U . For example, the bi-vector field P , in-
verse to the non-degenerate form ωU (cf. (9.1)), defines a quadratic function, which
we denote by H . This also coincides with the push-forward of the even function
H∗ : T [1]U → R induced by ωU . We denote by {·, ·}Ω the (super-)Poisson bracket
associated to the odd symplectic form Ω on T [1]U . Then the bracket operation
Q := {H∗, ·}Ω
defines a derivation on the set OT [1]U of “functions” on T [1]U : Here OT [1]U is the
set of differential forms on U considered as fiberwise polynomial functions on T [1]U .
We refer to [Gz] or [OP, Appendix] for the precise mathematical meaning for this
correspondence. Therefore it defines an odd vector field.
Restricting ourselves to a Darboux neighborhood of L = TF [1] ⊂ T [1]U , we
identify the neighborhood with a neighborhood of the zero section T ∗[1]L. Us-
ing the fact that (9.14) depends only on ξ, not on the extension, we will make a
convenient choice of coordinates to write H in the Darboux neighborhood and de-
scribe how the derivation Q = {H, ·}Ω acts on Ω
•(F) in the canonical coordinates
of T ∗[1]L. In this way, we can apply the canonical quantization which provides a
canonical correspondence between functions on “the phase space” T ∗[1]L and the
corresponding operators acting on the functions on the “configuration space” L,
later when we find out how the deformed differential δb (9.15) acts on Ω•(F).
We denote by (yi, qα, pα, y
∗
i , q
∗
α, p
α
∗ ) the canonical coordinates T
∗L associated
with the coordinates (yi, qα, pα) of N
∗F . Note that these coordinates are noth-
ing but the canonical coordinates of N∗Y ⊂ T ∗U pulled-back to TF ⊂ TU and
its Darboux neighborhood, with the corresponding parity change: We denote the
(super) canonical coordinates of T ∗[1]L associated with (yi, qα | pα) by(
yi, qα | pα∗
y∗i , q
∗
α | pα
)
Here we note that the degree of yi, qα and pα are 0 while their anti-fields, i.e., those
with ∗ in them have degree 1. And we want to emphasize that L is given by the
equation
y∗i = pα = p
α
∗ = 0 (9.11)
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and (yi, y∗i ), (pα, q
∗
α) and (p
α
∗ , q
α) are conjugate variables. In terms of these coor-
dinates, [OP, (9.23)] provides the formula
H∗ =
1
2
ω˜ijy#i y
#
j + p
δ
∗q
δ
∗. (9.12)
Here, we define y#i to be
y#i := y
∗
i +R
δ
i p
δ
∗ −
(
pν(bi + bγR
γ
i ) + pβ
∂Rβi
∂qδ
q∗δ
)
arising from (8.1) similarly as in [OP, (9.23)]. When ω is a closed symplectic form
as in [OP], we have {H∗, H∗} = 0. However in the current l.c.s. case, this is no
longer the case.
Lemma 9.2. Consider the l.c.p.s. manifold (Y, ω, b) and let (U, ωU , π
∗b) be its
c.p.s. thickening constructed before. Regard the closed one-form π∗b as the odd
function b = bqγp
γ
∗ + bpδq
∗
δ + biψ
#
i where p
γ
∗ = dq
γ , ψ#i = dy
#
i , q
∗
δ = dpδ. Then
{H∗, H∗} = bH∗.
Proof. In this proof, we use Einstein’s summation convention, whenever we feel
convenient. Using the canonical bracket relations, we compute
{H∗, H∗} =
1
2
(
∂ω˜ij
∂qδ
q∗δ +
∂ω˜ij
∂pδ
pδ∗
)
y#i y
#
j +
∂ω˜ij
∂y#k
y#i y
#
j ψ
#
k .
However the db-closedness of ωU means that this sum is precisely equivalent to
(bqγ q
γ
∗ + bpδp
∗
δω
ij + biψ
#
i )
1
2
ωijy#i y
#
j = bH
∗.
This finishes the proof. 
We will be interested in whether one can canonically restrict the vector field Q
to L = TF [1] or equivalently whether the function H has constant value on L.
Here comes the coisotropic condition naturally. The following was proved in [OP],
which still holds for the current l.c.s. case.
Lemma 9.3. [OP, Lemma 9.5] Let H be the even function on T [1]X induced
by the symplectic form ωX , and H
∗ : T ∗[1]X → R be its push-forward by the
isomorphism ω˜X : T [1]X → T
∗[1]X. When Y ⊂ (X,ω) is a coisotropic submanifold
we have H∗|N∗[1]Y = 0. Conversely, any (conic) Lagrangian subspace L
∗ ⊂ T ∗[1]X
satisfying H∗|L∗ = 0 is equivalent to N
∗[1]Y , for some coisotropic submanifold Y
of (X,ω).
Now we consider the b-deformed Hamiltonian H∗b : T [1]U → R the even func-
tion induced by the l.c.s. form ωbU . From the expression (7.8), a straightforward
calculation leads to
H∗b = H
∗ + pνq
∗
νb (9.13)
where q∗ν = χ
ν −Rνjψj is the conjugate variable of pν and b = bγχ
γ + biψ
i.
Proposition 9.4. {H∗b , H
∗
b } = 0 when restricted to OT [1]X .
Proof. This is an immediate translation of the equality dbdb = 0. For readers’
convenience, we prove this by direct calculation. By (9.11), we have
{pνq
∗
νb, pνq
∗
νb} = 0
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when restricted to OL∗ . Finally we note that the vector field Q = {H
∗, ·} restricts
to
ψi∗
∂
∂yi
+ η∗α
∂
∂q∗α
+ ηα
∂
∂qα
.
Therefore having (9.11) in our mind, we compute
{H∗, pνq
∗
νb} = {H
∗, pνq
∗
ν(bγp
γ
∗ + b
iψi)}
= {H∗, H∗}+ {H∗, pνq
∗
νb
iy∗i }+ {pνq
∗
νb
iy∗i , H
∗}.
But we have {H∗, H∗} = bH∗ and compute
{pνq
∗
νb,H
∗} = −pν
(
∂H∗
∂pν
+ q∗ν{b,H
∗}
)
.
Both restricts to zero on OT [1]X by (9.11) and Lemma 9.3. This completes the
proof of Proposition 9.4. 
Noting that L∗ = N∗[1]Y is mapped to L = TF [1] under the isomorphism ω˜X ,
this lemma enables us to restrict the odd vector field Q to TF [1]. We need to de-
scribe the Lagrangian embedding TF [1] ⊂ T [1]X more explicitly, and describe the
induced directional derivative acting on Ω•(F) regarded as a subset of “functions”
on TF [1]. (Again we refer to [OP, Appendix] or [Gz] for the precise explanations
of this).
Now we define δ′b : Ω
•(F)→ Ω•(F) by the formula
δ′b(ξ) := {H
∗
b , ξ˜}Ω
∣∣∣
L
(9.14)
where ξ˜ is the extension of ξ in a neighborhood of L ⊂ T [1]X : the extension that
we use is the lifting of ξ ∈ Ω•(F) to an element of Ω•(U) obtained by the (local)
Ehresman connection constructed in section 8. The condition Q|L ≡ 0 implies that
this formula is independent of the choice of (local) Ehresman connection. We will
just denote δ′b(ξ) = {H
∗
b , ξ}Ω instead of (9.14) as long as there is no danger of
confusion.
Obviously, δ′b satisfies δ
′
bδ
′
b = 0 because of {H
∗
b , H
∗
b } = 0 by Proposition 9.4.
Now it remains to verify that this is translated into the L∞-relation δ
bδb = 0 in the
tensorial language which is exactly what we wanted to prove. For this purpose, we
need to describe the map δ′b : Ω
•(F)→ Ω•(F) more explicitly.
The rest of the argument is precisely the same as the end of the proof of [OP,
Theorem 9.4]. By expanding the even function H∗b above into the power series
H∗b =
∑
ℓ=1
Hℓ, Hℓ ∈ l
ℓ,
in terms of the degree (i.e., the number of factors of odd variables (y∗i , p
α
∗ , pα) or the
‘ghost number’ in the physics language) our definition of mbℓ exactly corresponds to
the ℓ-linear operator
(ξ1, ξ2, · · · , ξℓ) 7→ {· · · {Hℓ, ξ1}Ω, · · · }Ω, ξℓ}Ω.
Note that the above power series acting on (ξ1, · · · , ξℓ) always reduces to a finite
sum and so is well-defined as an operator. Then by definition, the coderivation
δb =
∞∑
ℓ=1
m̂
b
ℓ (9.15)
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precisely corresponds to δ′b = {H
∗
b , ·}Ω. Here m
b
ℓ is the b-deformed m
b
ℓ-map defined
by
m
b
ℓ(ξ1, ξ2, · · · , ξℓ) =
∞∑
k=0
1
k!
mℓ+k(b, · · · , b︸ ︷︷ ︸
k times
, ξ1, · · · , ξℓ).
(See [FOOO, section 3.6] for a general discussion on the deformation of A∞ struc-
tures. This definition is the symmetrized version thereof.) The L∞ relation δ
bδb = 0
then immediately follows from δ′bδ
′
b = 0. This finishes the proof. 
For example, under the above translation, the action of the odd vector field Q |L
on
l =
n−k⊕
ℓ=0
l
ℓ ∼=
n−k⊕
ℓ=0
Ωℓ(F),
translates into to the leafwise differential db¯F . This finishes the proof of Theorem
9.1. 
9.2. Gauge equivalence. In this section we prove that two strong homotopy Lie
algebroids we have associated to two different splittings are gauge equivalent or
L∞-isomorphic. This is the formal analog to the (C∞)-Hamiltonian equivalence of
the coisotropic submanifolds.
Definition 9.2. Let (C[1],m), (C′[1],m′) be L∞-algebras and δ, δ
′ be the as-
sociated coderivation. A sequence ϕ = {ϕk}
∞
k=1 with ϕk : EkC[1] → C
′[1] is
said to be an L∞-homomorphism if the corresponding coalgebra homomorphism
ϕ̂ : EC[1]→ EC′[1] satisfies
ϕ̂ ◦ δ = δ′ ◦ ϕ̂.
We say that ϕ is an L∞-isomorphism, if there exists a sequence of homomorphisms
ψ = {ψk}
∞
k=1, ψ : EkC
′[1] → C′[1] such that its associated coalgebra homomor-
phism ψ̂ : EC′[1]→ EC[1] satisfies
ψ̂ ◦ ϕ̂ = idEC[1], ϕ̂ ◦ ψ̂ = idEC′[1].
In this case, we say that two L∞ algebras, (C[1],m) and (C
′[1],m′) are L∞ isomor-
phic.
The following theorem is the b-deformed version of [OP, Theorem 10. 1]. (See
also Definition 8.3.6 [Fu].)
Theorem 9.5. The two structures of strong homotopy Lie algebroid on the null
distribution E = TF of (Y, ω, b) induced by two choices of splitting Π, Π′ are canon-
ically L∞-isomorphic.
Proof. We start with the expression of the l.c.s. form ωU
ωU = π
∗
Y ω − dθG − π
∗
Y b ∧ θG
given in (3.4) that is canonically constructed on a neighborhood U of the zero
section E∗ = T ∗F when a splitting Π : TY = G ⊕ TF is provided. To highlight
dependence on the splitting, we denote by θΠ and ω
b
Π the one-form θG and the l.c.s.
form ωU . We will also denote by δ
b
Π the δ : EC[1] → EC[1] corresponding to the
splitting Π. Here we would like to emphasize that the one-form θG depends only
on the splitting Π but not depend on the one-form b.
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Then for a given splitting Π0, we have
ωbΠ − ω
b
Π0 = d
π∗Y b(θΠ0 − θΠ). (9.16)
In the super language, this is translated into
HbΠ −H
b
Π0 = {H
b
Π0 ,Γ}Ω = −{Γ, H
b
Π0}Ω (9.17)
where Γ is the function associated to the one-form θΠ0−θΠ which has deg
′(Γ) = 0 (or
equivalently has deg(Γ) = 1). This function does not depend on b. The last identity
comes from the super-commutativity of the bracket and the fact that deg(HbΠ0) = 2
and deg(Γ) = 1. Once we have established these, the rest of the proof is the same
as that of Theorem 10.1 [OP] and so omitted, referring the readers thereto. 
This theorem then associates a canonical (L∞-)isomorphism class of strong ho-
motopy Lie algebras to each l.c.p-s manifold (Y, ω, b) and so to each coisotropic
submanifold of l.c.s manifold (X,ωX , bX). As in the symplectic case, it is obvi-
ous from the construction that pre-Hamiltonian diffeomorphisms induce canonical
isomorphism by pull-backs in our strong homotopy Lie algebroids.
In the point of view of coisotropic embeddings in l.c.s manifolds, this theo-
rem implies that our strong homotopy Lie algebroids for two Hamiltonian isotopic
coisotropic submanifolds are canonically isomorphic and so the isomorphism class
of the strong homotopy Lie algebroids is an invariant of coisotropic submanifolds
modulo the Hamiltonian isotopy as in the symplectic case [OP]. (See the relevant
discussion in section 11 on the general bulk deformations of coisotropic submani-
folds. According to the definitions therein, Hamiltonian deformations of coisotropic
submanifolds correspond to equivalent bulk deformations.) This enables us to study
the moduli problem of deformations of l.c.p-s. structures on Y in the similar way
as done in [OP]. Up until now, most of our discussions correspond to the l.c.s.
analogues of the deformation theory developed in [OP] in the symplectic context.
This effort will finally pay off when we study the moduli problems of coisotropic
submanifolds and its obstruction-deformation theory. We will be particulary inter-
ested in the deformation problems of Zambon’s example in this enlarged categorical
setting of conformally symplectic manifolds.
10. Moduli problem and the Kuranishi map
In this section, we write down the defining equation (8.8) for the graph Graph s ⊂
TU ⊂ TE∗ to be coisotropic in a formal neighborhood, i.e., in terms of the power
series of the section s with respect to the fiber coordinates in U and study them
using (6.17). Using the concept of gauge equivalence of the solutions of a Maurer-
Cartan equation in [FOOO, 4.3] we will study the moduli problem of the Maurer-
Cartan equation (10.1) of l∞(Y,ω,b).
First we state the following b-deformed analogue of Theorem 11.1 [OP] whose
proof is the same as that of the latter and so omitted.
Theorem 10.1. The equation of the formal power series solutions Γ ∈ l1 of (8.8)
is given by
∞∑
ℓ=1
1
ℓ!
m
b
ℓ(Γ, · · · ,Γ) = 0 on Ω
2(F) (10.1)
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where
Γ =
∞∑
k=1
εkΓk (10.2)
where Γk’s are sections of T
∗F and ε is a formal parameter.
As in [OP, Remark 11.1] it is possible to interpret (10.1) as the condition for the
gauge changed weak (or curved) L∞-structure to define a (strong) L∞-structure,
i.e., mb,Γ0 = 0 or the Maurer-Cartan equation m̂
b,Γ
1 ◦ m̂
b,Γ
1 = 0 for the deformation
problem of the corresponding l.c.p-s. structure (Y, ω, b). In what follows, we will
use (6.17) to study a formal solution of (10.1). This description seems to be more
suitable for the study of C∞ Maurer-Cartan equation which we hope to pursue in
a sequel to the present paper.
By Theorem 6.2, using (6.9), a solution Γ of (8.8) is also a solution of (6.17),
and therefore a formal solution of (8.8) is also a formal solution of (6.17). Let us
plug a formal solution Γ, identified with p∗GΓ, into (6.17), denoting ai := −d
b(Γi)
and expanding (ω− db(Γ))k+1. Noting that ai and ω
p are differential forms of even
degree, we abbreviate wedge products of them as usual products. As a result we
obtain
∞∑
N=0
ǫN
∑
1 ≤ i1 < · · · · · · < ip,
1 ≤ si,
s1 + · · ·+ sp ≤ (k + 1)
i1s1 + · · ·+ ipsp = N
as1i1 · · · a
sp
ip
(
k + 1
s1
)
· · ·
(
k + 1
sp
)
ωk+1−s1···−sp(y) = 0.
Consequently for each N ≥ 0 we have
0 = aN (k + 1)ω
k+
+
∑
1 ≤ i1 < · · · · · · < ip ≤ N − 1,
1 ≤ si,
s1 + · · ·+ sp ≤ (k + 1)
i1s1 + · · ·+ ipsp = N
as1i1 · · ·a
sp
ip
(
k + 1
s1
)
· · ·
(
k + 1
sp
)
ωk+1−s1···−sp(y).
(10.3)
Note that the number p entering in (10.3) is bounded by (k + 1).
Let us examine (10.3) for small numbers N . For N = 0 the corresponding term
in (10.3) is ωk+1(y) = 0.
For N = 1 the corresponding values in (10.3) are p = 1 = i1 = s1 and the
corresponding term is
ωka1(y) = 0
which is equivalent to
db¯FΓ1(y) = 0.
(See (6.19), (6.20).) So Γ1 is a solution of the linearized equation, which is assumed
to be given.
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For N = 2 the corresponding values in (10.3) are p = 1, i1 = 1, s1 = 2 or
i1 = 2, s1 = 1. The equation (10.3) in this case has the following form
(k + 1)ωka2 +
(
k + 1
2
)
ωk−1a21 = 0,
which is equivalent to
− ωk(db¯FΓ2) =
k
2
ωk−1a21,
⇔ −db¯FΓ2 =
k
2
Pω⌋(ω
k−1a21),
⇔ −ω ∧ db¯FΓ2 =
k
2
a21,
⇔ −db¯FΓ2 =
1
2
Pω⌋(a
2
1), (10.4)
where Pω is the bi-vector in Λ
2G dual to the restriction of ω to G, so ω(Pω) = k.
We note that the RHS of (10.4) is 12m
b
2(Γ1,Γ1) (cf. (9.8)). Since m
b
1 is a derivation
of mb2 the map
Ω1(F)× Ω1(F)→ Ω2(F), (Γ1,Γ2) 7→
1
2
Pω⌋(d
bΓ1 ∧ d
bΓ2)
induces the Kuranishi-Gerstenhaber bracket
KG : H1b (Y, ω)×H
1
b (Y, ω)→ H
2
b (Y, ω), ([Γ1], [Γ2]) 7→
1
2
[mb2(Γ1,Γ2)].
Since mb2 is symmetric, the Kuranishi-Gerstenhaben bracket is defined by the Ku-
ranishi map [OP]
Kr : H1b (Y, ω)→ H
2
b (Y, ω), [Γ1] 7→ [m
b
2(Γ1,Γ1)].
Corollary 10.2. (cf. [OP, Corollary11.5]). The moduli problem is formally unob-
structed only if Kr vanishes.
The following Theorem is a b-deformed analog of [OP, Theorem 11.2] derived in
the symplectic case, so we omit its proof.
Theorem 10.3. Let F be the null foliation of (Y, ω, b) and l = ⊕n−kℓ=1 l
ℓ be the
associated complex. Suppose that H2b (Y, ω) = {0}. Then for any given class α ∈
H1b (Y, ω), (10.1) has a solution Γ =
∑∞
k=1 ε
kΓk such that d
b
F (Γ1) = 0 and [Γ1] =
α ∈ H1b (Y, ω). In other words, the formal moduli problem is unobstructed.
In general, we say that an element Γ1 ∈ ker d
b
F ∩Ω
1(F) is formally unobstructed,
if there exists a formal solution to (10.1) whose first summand Γ1 is the given one.
Similarly, Γ1 ∈ ker d
b
F ∩ Ω
1(F) is called smoothly unobstructed, if it is tangent to a
curve of smooth coisotropic deformations.
Note that Hamiltonian diffeomeorphisms on U that are close to the identity act
on the space of formal deformations by acting on each summand Γl in (10.2). (If a
diffeomorphism φ : U → U is close to the identity and Γ : Y → U ⊂ G◦ is a section,
then the composition π ◦ φ ◦ Γ : Y → Y is a diffeomorphism, hence there exists a
diffeomorphism g ∈ Diff(Y ) such that φ ◦ Γ ◦ g : Y → U ⊂ G◦ is a section.) They
also act on the space of smooth coisotropic deformations by an obvious way. The
following Lemma is straightforward, so we omit its proof.
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Lemma 10.4. Given a function f ∈ C∞(Y ) and an element a ∈ Ω1(F) ∩ ker dbF
the following assertions hold:
(1) a is formally unobstructed, if and only if a+ db¯Ff is formally unobstructed.
(2) a is tangent to a curve γ(t) of coisotropic deformations of Y in (U, ωG, π
b)
then a + db¯Ff is tangent to the curve φt ◦ γt, where φt’s are Hamiltonian
diffeomorphisms close to the identity on (U, ωG, π
∗b) and generated by an
extension of Hamiltonian f to U .
Now we study the moduli of the solution of the Maurer-Cartan equation under
the action induced by Hamiltonian diffeomorphisms on a neighborhood (U, ωU , π
∗b)
of Y , taking into account Theorem 6.5. Here we follow the ideology in [FOOO, 4.3].
First we need introduce the notion of a model of the product of [0, 1] with an L∞-
algebra (C[1],m), which is also a L∞-algebra, imitating the analogous notion for
A∞-algebras, introduced in [FOOO, 4.2].
Definition 10.1. (cf. [FOOO, Definition 4.2.1]) An L∞-algebra (C¯[1], m¯) together
with L∞-homomorphisms
Incl : EC[1]→ C¯[1], Evals=0 : EC¯[1]→ C, Evals=1 : EC¯ → C
is said to be a model of [0, 1]× (C[1],m), if the following holds:
(1) Incl : EkC[1]→ C¯[1] is zero unless k = 1 The same holds for Evals=0 and
Evals=1.
(2) Evals=0 ◦ Incl = Evals=1 ◦ Incl = identity.
(3) Incl1 : (C[1],m1) → (C¯[1], m¯) is a cochain homotopy equivalence and
(Evals=0)1, (Evals=1)1 : (C¯[1], m¯1) → (C[1],m1) are cochain homotopy
equivalences.
(4) The (cochain) homomorphism (Evals=0)1⊕(Evals=1)1 : C¯[1]→ C[1]⊕C[1]
is surjective.
Definition 10.2 (Maurer-Cartan moduli space). (cf. [FOOO, Definition 4.3.1])
We say that two solutions Γ1, Γ2 of (10.1) are gauge-equivalent if there exist a
model (C¯[1], m¯) of [0, 1]× (C[1],m) and a solution Γ˜ of the Maurer-Cartan equation
of (C¯[1], m¯) such that Evals=0∗(Γ˜) = Γ1, Evals=1∗(Γ˜) = Γ2. We say such a Γ˜ a
homotopy from Γ1 to Γ2. We denote byMformal(Y, ω, b) the set of gauge equivalence
classes of Maurer-Cartan solutions.
Note that any Hamiltonian diffeomorphisms φt, φ0 = Id, on (U, ωU , d
π∗b) which
are close to the identity, provides a homotopy between a formal solution Γ to
(10.1). Denote byMHam(Y, ω, b) the set of Hamiltonian equivalent classes of formal
coisotropic deformations of Y in U . Using the argument of the proof Theorem 9.5
we obtain easily a natural map MHam(Y, ω, b)→Mformal(Y, ω, b).
Remark 10.3. Theorem 6.2 implies that there is a one-one correspondence between
of coisotropic deformations of a coisotropic submanifold Y ⊂ (U, ωU , π
∗b) and the
set of deformations (ω′, b) of the l.c.p-s. form (ω, b) that are of the same rank as
ω and ω′ − ω = dbs for some s ∈ Ω1(F). The Hamiltonian equivalence of the
coisotropic deformations induces a “Hamiltonian” equivalence on this set of l.c.p-s.
forms on (Y, ω, b).
A deeper analysis on the relationship between the equations (10.1) and (10.3),
using some ideas in [LV], will be given in a sequel to the present paper. In particular,
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it was raised as a question in [OP] whether the C∞-analog to Theorem 10.3 holds
or not. We hope to study and answer to this question in the sequel.
Remark 10.4. Among coisotropic deformations of Y there are special deformations
respecting the leaf F , i.e. those deformations Γ whose associated null foliation F
stay unchanged, or equivalently, F ⊂ ker dbΓ. For instance, if Y is Lagrangian
all coisotropic deformations respect F = Y . These deformations form a linear
space, therefore, they are smoothly unobstructed. Clearly, they are invariant under
infinitesimally Hamiltonian actions. A particular case has been considered by Ruan
[R].
11. Deformations of l.c.s. structures on X
In this section we derive formulas (11), (11) describing the Zariski tangent space
of the set Mlcs(X) of equivalent classes of l.c.s. structures on a manifold X .
Definition 11.1. We call a smooth one-parameter family (X,ωt, bt) of l.c.s struc-
tures for −ε ≤ t ≤ ε a bulk-deformation.
Since nondegeneracy is an open condition, we can represent a deformation ωt
with
∂ωt
∂t
∣∣∣
t=0
= κ.
The l.c.s. condition can be written as{
dωt + bt ∧ ωt = 0,
dbt = 0.
(11.1)
In fact, since we assume dimX ≥ 4, ωt uniquely determines bt. So we will focus on
the deformation of ωt. By differentiating (11.1) with respect to t at 0, we obtain
dκ+ b0 ∧ κ+
∂bt
∂t
∣∣∣
t=0
∧ ωX = 0. (11.2)
Therefore we immediately derive the following description of Zariski tangent space
of the set of l.c.s. structures.
Lemma 11.1. Let (X,ωt, bt) be a bulk-deformation of l.c.s. structure on X with
(ω0, b0) = (ωX , b). Denote
∂ωt
∂t
∣∣∣
t=0
= κ,
∂bt
∂t
∣∣∣
t=0
= c
Then (κ, c) satisfies
dbκ = −c ∧ ωX , dc = 0. (11.3)
Since two l.c.s. forms eftωt and ωt are equivalent for ft ∈ C
∞(X), two infinitesi-
mal deformations (κ, c) and (κ′, c′) of (X,ωX , b) are equivalent if there is a function
f ∈ C∞(X) such that
κ = −fωX + κ
′ and c = c′ + df. (11.4)
Definition 11.2. We call a pair (κ, c) an infinitesimal deformation of (X,ωX , b)
when it satisfies (11.3) or equivalently
dbκ = −c ∧ ωX , dc = 0.
Now we recall the following from Definition 2.3
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Definition 11.3. We say (X,ω, b) is diffeomorphic to (X ′, ω′, b′) if there exists a
l.c.s. diffeomorphism φ : X → X ′. We denote by LCS(X) the set of l.c.s. structures
on X and Mlcs(X) the set of equivalence classes of l.c.s. structures on X .
The following is the infinitesimal analog to this definition, taking into account
(11.4).
Definition 11.4. We say two infinitesimal deformations (κ′, c′), (κ, c) of (X,ωX , b)
are equivalent, if there exist a vector field ξ of X and a function f ∈ C∞(X) such
that
κ′ = −f · ωX + κ+ LξωX , c
′ = c+ Lξb+ df.
We denote by Def(X,ωX , b) the set of equivalence classes of infinitesimal deforma-
tions of (X,ωX , b).
By definition, Def(X,ωX , b) is the Zariski (or formal) tangent space of Mlcs(X)
at (ωX , b).
Next, we provide an explicit description of the Zariski tangent space Def(X,ωX , b).
Definition 11.5. Define a map S(ωX , b) : V ect(X)⊕ R→ (ker d
b ∩ Ω2(X)) by
S(ωX , b)(ξ, c) := d
b(ξ⌋ωX)− c ωX .
We divide our description of Def(X,ωX , b) into two different cases depending on
the cohomological property of [ωX ] ∈ H
2
b
(X).
We start with the case where the linear map L : H1(X,R) → H3
b
(X,R), [α] 7→
[α] ∧ [ωX ], is injective. In this case, any solution of (11.3) is of the form
(κ = −f · ωX + β, c = df),
where
f ∈ C∞(X) and β ∈ ker db ∩ Ω2(X).
By Definition 11.4 (−f · ωX + β, df) is equivalent to (β, 0). The Cartan formula
yields
Lξb = d(b(ξ))
Lξ(ωX) = ξ⌋dωX + d(ξ⌋ωX) = −b(ξ)ωX + b ∧ (ξ⌋ωX) + d(ξ⌋ωX).
Hence (β, 0) is infinitesimally equivalent to zero if and only if there exist a function
g ∈ C∞(X) and a vector field ξ on X such that
β = db(ξ⌋ωX)− (g + b(ξ))ωX and 0 = d(g + (b(ξ)).
⇔ β = db(ξ⌋ωX)− cωX and g + b(ξ) = c.
Therefore we have
Def(X,ωX , b) = ((ker d
b ∩ Ω2(X))/S(ω, b)(V ect(X)⊕ R) =
= H2b(X)/〈ωX〉⊗R. (11.5)
In particular, if b = 0, i.e. (X,ωX , b) is actually a symplectic manifold, then
Def(X,ωX) = H
2(X,R)/〈ωX〉⊗R. (11.6)
Next, we consider the case where the linear map L : H1(X,R)→ H3
b
(X,R), [α] 7→
[α] ∧ [ωX ], is not injective. In this case any solution of (11.3) is of form
(κ = −f · ωX + β + θ, c = df + γ),
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where
f ∈ C∞(X), [γ] 6= 0 ∈ H1(X,R), γ ∧ ωX = d
bθ, and β ∈ ker db ∩ Ω2(X).
Again the argument above implies that (κ = −f · ωX + β + θ, c = df + γ) is
infinitesimally equivalent to zero, if and only if there exist a function g ∈ C∞(X)
and a vector field ξ on X such that
γ = −d(b(ξ) + g) and β + θ = db(ξ⌋ωX)− (g + b(ξ))ωX .
It follows that [γ] = 0 ∈ H1(X). Hence in this case we have
Def(X,ωX , b) = kerL⊕ (ker d
b ∩ Ω2(X)/S(ωX , b)(V ect(X)⊕ R) =
= kerL⊕H2b(X)/〈ωX〉⊗R. (11.7)
In particular, if b = 0, i.e. (X,ωX , b) is actually a symplectic manifold, then
Def(X,ωX) = kerL⊕H
2(X,R)/〈ωX〉⊗R. (11.8)
Remark 11.6. In [Ba1, Theorem 2] Banyaga considered deformations of l.c.s.
forms with a given Lee one-form.
12. Bulk deformations of coisotropic submanifolds; Zambon’s
example re-visited
In this section we consider bulk deformations of l.c.s. forms on a l.c.s. manifold
X under which a given compact coisostropic submanifold Y stays coisotropic. Then
we study bulk coisotropic deformations of Y under such bulk deformations of l.c.s.
forms (Definition 12.1, Lemma 12.2, Lemma 12.1, Theorem 12.3). Finally we re-
examine the Zambon example under bulk coisotropic deformations and show that
it is still obstructed (Theorem 12.4.)
Given a coisotropic submanifold i : Y → (X,ωX , b) we say that a bulk deforma-
tion (ωt, bt) respects Y , if Y remains coisotropic in (X,ωt, bt). By the normal form
theorem 4.2, if Y is compact, there exist a neighborhood U of Y in X , a family of
diffeomorphisms φt : U → U and a family of smooth function ft ∈ C
∞(U) such
that for all t ∈ [−ε, ε] we have
φt(Y ) = Id,
φ∗t (π
∗i∗ωt − d
π∗i∗btθG) = e
ftωt.
Here we identify U with a neighborhood of the zero section of E∗ = E∗t as in section
4.
Definition 12.1. Assume that Y is a coisotropic submanifold of (U, ωU , d
π∗bθG).
A deformation Γt : Y → U is called a bulk coisotropic deformation, if there exists
a family of l.c.p-s. form (ω¯t, bt) of constant rank on Y with ω¯0 = i
∗ωU , b0 = b
and for each t ∈ [−ε, ε] (the graph of) Γt is coisotropic in (U, π
∗ω¯t, d
π∗btθG). An
infinitesimal coisotropic deformation Γ1 ∈ ker d
b¯
F ∩ Ω
1(F) is called formal bulk
unobstructed, if there exist a formal bulk deformation of (ω¯0, b0) and a formal
bulk coisotropic deformation Γ whose first term is the given Γ1. An infinitesimal
coisotropic deformation Γ1 ∈ ker d
b¯
F ∩Ω
1(F) is called smoothly bulk unobstructed, if
there exists a smooth bulk coisotropic deformation Γt such that (d/dt)t=0Γt = Γ1.
The following Lemma is a direct consequence of Theorem 6.2.
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Lemma 12.1. A deformation Γt is a bulk coisotropic deformation, if and only if
there is a bulk deformation (ω¯t, bt) of the l.c.p-s. form (ω¯0, b0) on Y such that
(ω¯t)
k+1 = 0, (12.1)
(ω¯t − d
btΓt)
k+1 = 0. (12.2)
The following Lemma is obtained straightforward.
Lemma 12.2. Let (ωt, bt) be a smooth family of l.c.p-s. structures of constant rank
2k on (Y, ω0) and denote
∂ωt
∂t
∣∣∣
t=0
= κ,
∂bt
∂t
∣∣∣
t=0
= c.
Then (κ, c) satisfies
dbκ = −c ∧ ωY , dc = 0 (12.3)
ωk0 ∧ κ = 0⇔ κ|F = 0. (12.4)
Here F is the null foliation of (Y, ω0). Furthermore two equivalent deformations
generates equivalent (κ, b).
The discussion in the previous section can be repeated word-for-word for bulk-
deformations of an l.c.p-s. form (ω¯, b) on Y , except that we need to take care of κ,
β (resp. β+ θ) so that their restriction to F vanishes. Equivalently, they are in the
differential ideal I(F) generated by TF◦. We define a subset
Ωi(Y, ω,F) := Ωi(Y ) ∩ I(F)
which defines a differential submodule of Ωi(Y ) with respect to db. Denote its
cohomology by
Hib(Y, ω,F) :=
ker db ∩ Ωi(Y, ω,F)
db(Ωi−1(Y, ω,F))
.
Note that the wedge product with ω restricts to a map I(F) → I(F). The map
descends to a map L : H10 (Y, ω,F)→ H
3
b (Y, ω,F).
The following theorem is obtained using the same arguments in the previous
section, so we omit its proof.
Theorem 12.3. The space Def(Y, ω, b) of infinitesimal equivalent bulk-deformations
of l.c.p-s. form (ω, b) on Y is isomorphic to the space H2b (Y, ω,F)/〈ω〉⊗R ⊕ kerL.
Now we are ready to analyze Zambon’s example.
Example 12.2. We recall Zambon’s example from [Za], [OP]. Let (Y, ω) be the
standard 4-torus T 4 = R4/Z4 with coordinates (y1, y2, q1, q2) with the pre sym-
plectic form
ωY = ω¯0 = dy
1 ∧ dy2, b0 = 0.
Note that the null foliation is provided by the 2-tori
{y1 = const, y2 = const},
and it also carries the transverse foliation given by
{q1 = const, q2 = const}.
The canonical symplectic thickening is given by
E∗ = T 4 × R2 = T 2 × T ∗(T 2),
ω = dy1 ∧ dy2 + (dq1 ∧ dp1 + dq2 ∧ dp2),
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where p1, p2 are the canonical conjugate coordinates of q1, q2.
It follows that the transverse curvature F ≡ 0 and so all mℓ = 0 for ℓ ≥ 3 and
the Maurer-Cartan equation (10.1) becomes the quadratic equation (cf. (10.4))
− dF (Γ2) =
1
2
PωY ⌋(dΓ1)
2. (12.5)
In [Za], [OP], the one-form
Γ1 = sin(2πy
1)dq1 + sin(2πy2)dq2,
was shown to be obstructed by showing that Kr([Γ1]) 6= 0. This can be also shown
by computing the RHS of (12.5)
1
2
PωY ⌋(dΓ1)
2 = (∂y1 ∧ ∂y2)⌋4π
2 cos(2πy1) cos(2πy2)dy1dq1dy2dq2 =
= −4π2 cos(2πy1) cos(2πy2)dq1dq2,
which cannot be a differential dF (−Γ2), since the integration of it over a generic
leaf T 2(y1, y2) of F is not zero.
Theorem 12.4. Γ1 is formally bulk obstructed.
Proof. Assume the opposite, i.e. there is a formal bulk deformation ωt =
∑∞
i=0 t
iω¯i
and bulk deformation Γt =
∑∞
i=1 t
iΓi. The equation (12.1) implies
l∑
i=0
ω¯iω¯l−i = 0 for all 0 ≤ l ≤ ∞. (12.6)
Furthermore dbtωt = 0 is equivalent to the following:
dbi = 0 for all 0 ≤ i ≤ ∞ (12.7)
and 0 = db0 ω¯i +
∑
1≤k≤i
bk ∧ ω¯i−k for all 1 ≤ i ≤ ∞. (12.8)
Next, from (12.6), for l = 1, we obtain
ω¯0 ∧ ω¯1 = 0
⇔ ω¯1 = dy
1 ∧ α1 + dy2 ∧ α2, (12.9)
where αi ∈ Ω1(Y ). Further, we obtain from (12.8) for i = 1
dω¯1 = −b1 ∧ dy
1 ∧ dy2. (12.10)
From (12.10) and (12.7) it follows that [b1] ∈ kerL : H
1(Y )→ H3(Y ), γ 7→ γ∧[ωY ].
Hence we obtain
b1 = b
1
1dy
1 + b21dy
2 + df where bi1 ∈ R and f ∈ C
∞(Y ). (12.11)
Now from (12.6) for l = 2 we obtain
ω¯0 ∧ ω¯2 + ω¯
2
1 = 0. (12.12)
Next, using (12.12) and (12.11), we derive from (12.2), looking at the coefficient of
t2,
ω0 ∧ (dΓ2 + b1 ∧ Γ1) + (dΓ1)
2 = 0
⇔ dFΓ2 + dF (f · Γ1) = 4π
2 cos 2πy1 cos 2πy2dq1dq2. (12.13)
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As we have computed, the RHS of (12.13) is not equal to zero in H2b (Y, ωY ). So the
equation (12.13) for Γ2 and f does not have a solution. This completes the proof
of Theorem 12.4.

13. Appendix
13.1. Leaf space connection and curvature. In this subsection, we recall some
basic definitions and properties of the leaf space connection borrowing the expo-
sition of [OP, section 3]. We refer readers thereto for the proofs of all the results
stated without proof in the present subsection.
Let F be an arbitrary foliation on a smooth manifold Y . Following the standard
notations in the foliation theory, we define the normal bundle NF and conormal
bundle N∗F of the foliation F by
NyF := TyY/Ey, N
∗
yF := (Ty/Ey)
∗ ∼= E◦y ⊂ T
∗
y Y.
In this vein, we will denote E = TF and E∗ = T ∗F respectively, whenever it makes
our discussion more transparent. We have the natural exact sequences
0 → TF → TY → NF → 0, (13.1)
0 ← T ∗F ← T ∗Y ← N∗F ← 0. (13.2)
The choice of splitting TY = G ⊕ TF may be regarded as a “connection” of the
“E-bundle” TY → Y/ ∼ where Y/ ∼ is the space of leaves of the foliation on Y .
Note that Y/ ∼ is not Hausdorff in general. We will indeed call a choice of splitting
a leaf space connection of F in general.
We can also describe the splitting in a more invariant way as follows: Consider
bundle maps Π : TY → TY that satisfy
Π2x = Πx, imΠx = TxF
at every point of Y , and denote the set of such projections by
AE(TY ) ⊂ Γ(Hom(TY, TY )) = Ω
1
1(Y ).
There is a one-one correspondence between the choice of splittings (3.1) and the
set AE(TY ) provided by the correspondence
Π↔ G := kerΠ.
If necessary, we will denote by ΠG the element with kerΠ = G and by GΠ the
complement to E determined by Π. We will use either of the two descriptions,
whichever is more convenient depending on the circumstances.
Next we recall the notion of curvature of the Π-connection.
Definition 13.1. Let Π ∈ AE(TY ) and denote by Π : TY = GΠ ⊕ TF the
corresponding splitting. The transverse Π-curvature of the foliation F is a TF -
valued two form defined on NF as follows: Let π : TY → NF be the canonical
projection and
πΠ : GΠ → NF
be the induced isomorphism. Then we define
FΠ : Γ(NF)⊗ Γ(NF)→ Γ(TF)
by
FΠ(η1, η2) := Π([X,Y ]) (13.3)
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where X = π−1Π (η1) and Y = π
−1
Π (η2) and [X,Y ] is the Lie bracket on Y .
The following proposition justifies the name transverse Π-curvature which plays
a crucial role in our description of the strong homotopy Lie algebroid associated
to the pre-symplectic manifold (Y, ωY ) (and so of coisotropic submanifolds) and its
Maurer-Cartan equation. We refer to [OP] for its proof.
Proposition 13.1. Let FΠ be as above. For any smooth functions f, g on Y and
sections η1, η2 of NF , we have the identity
FΠ(fη1, gη2) = fgFΠ(η1, η2)
i.e., the map FΠ defines a well-defined section as an element in Γ(Λ
2(N∗F)⊗TF).
In the foliation coordinates (y1, · · · , yℓ, q1, · · · , qm−ℓ), FΠ has the expression
FΠ = F
β
ij
∂
∂qβ
⊗ dyi ∧ dyj ∈ Γ(Λ2(N∗F)⊗ TF), (13.4)
where
F βij =
∂Rβj
∂yi
−
∂Rβi
∂yj
+Rγi
∂Rβj
∂qγ
−Rγj
∂Rβi
∂qγ
. (13.5)
We next recall the relationship between FΠ0 and FΠ. Note that with respect to
the given splitting
Π0 : TY = G0 ⊕ TF ∼= NF ⊕ TF
any other projection Π : TY → TY can be written as the following block matrix
Π =
(
0 0
B Id
)
where B = BΠ0Π ◦πG0 : G0 → TF is the bundle map which is uniquely determined
by Π0 and Π and vice versa. The following lemma shows their relationship in
coordinates.
Lemma 13.2. Let FΠ and FΠ0 be the transverse Π-curvatures with respect to Π
and Π0 respectively, and let B = BΠ0Π be the bundle map mentioned above. In
terms of the foliation coordinates, we have
F βij = F
β
0,ij +
(
∂B
β
j
∂yi
−
∂B
β
i
∂yj
+Rαi
∂B
β
j
∂qα
−Rαj
∂B
β
i
∂qα
+Bαi
∂R
β
j
∂qα
−Bαj
∂R
β
i
∂qα
)
+
(
Bαi
∂B
β
j
∂qα
−Bαj
∂B
β
i
∂qα
)
(13.6)
Now we provide an invariant description of the above formula (13.6). Consider
the sheaf Λ•(N∗F)⊗ TF and denote by
Ω•(N∗F ;TF) := Γ(Λ•(N∗F)⊗ TF)
the group of (local) sections thereof. For an invariant interpretation of the above
basis of Gx and the transformation law (13.6), we need to use the notion of basic
vector fields (or projectable vector fields) which is standard in the foliation theory
(see e.g., [MM]) : Consider the Lie subalgebra
L(Y,F) = {ξ ∈ Γ(TY ) | adξ(Γ(TF)) ⊂ Γ(TF)}
and its quotient Lie algebra
ℓ(Y,F) = L(Y,F)/Γ(TF).
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An element from ℓ(Y,F) is called a transverse vector field of F . In general, there
may not be a global basic lifting Y of a given transverse vector field. But the
following lemma shows that this is always possible locally.
Lemma 13.3. Let x0 ∈ Y and v ∈ Nx0F . Then there exists a local basic vector
field ξ in a neighborhood of x0 such that it is tangent to G
π(ξ(x0)) = v
where π : TY → NF is the canonical projection.
Definition 13.2. Let F be a foliation on Y . Let Π ∈ AE(TY ) and Π : TY =
GΠ⊕TF be the Π-splitting. We call a basic vector field ξ tangent to GΠ a Π-basic
vector field or a G-basic vector field.
In this point of view, the vector field
Yi :=
∂
∂yi
+
n−k∑
α=1
Rαi
∂
∂qα
is the unique G-basic vector field that satisfies
Yj ≡
∂
∂yi
mod TF ,
i.e., defines the same transverse vector field as ∂
∂yi
.
Definition 13.3. Let X be any (local) basic vector field of F tangent to GΠ. We
define the Π-Lie derivative of B with respect to X by the formula
LΠXB =
∑
i1<···<iℓ
LX(Bi1i2···iℓ)dy
i1 ∧ · · · ∧ dyiℓ (13.7)
where Bi1i2···iℓ is a local section of TF given by the local representation of B
B =
∑
i1<···<iℓ
Bi1···iℓdy
i1 ∧ · · · ∧ dyiℓ
in any given foliation coordinates. Here Bi1···iℓ is the (locally defined) leafwise
tangent vector field given by
Bi1···iℓ = B
β
i1···iℓ
∂
∂qβ
.
From now on without mentioning further, we will always assume that B is locally
defined, unless otherwise stated.
Definition 13.4. For any element B ∈ Γ(Λℓ(N∗F);TF ), we define
dΠB ∈ Γ(Λℓ+1(N∗F);TF )
by the formula
dΠB =
2k∑
j=1
dyj ∧ LΠYjB (13.8)
where we call the operator dΠ the Π-differential.
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For given splitting Π and a vector field ξ, we denote by ξΠ the projection of ξ to
G = GΠ, i.e.,
ξΠ = ξ −Π(ξ).
Then the definition of dΠ can be also given by the same kind of formula as that
of the usual exterior derivative d: For given B ∈ Ωk(N∗F ;TF) and local sections
η1, · · · , ηk+1 ∈ NxF , we define
dΠB(v1, · · · , vk, vk+1)
=
∑
i
(−1)i−1Xi(B(η1, · · · , η̂i, · · · , ηk+1))
+
∑
i<j
(−1)i+j−1B(π([Xi, Xj ]), η1, · · · , η̂i, · · · , η̂j , · · · , ηk+1).(13.9)
Here Xi is a Π-basic vector field with π(Xi(x)) = ηi(x) for each given point x ∈ Y .
It is straightforward to check that this definition coincides with (13.8).
Next we introduce the analog of the “bracket”
[·, ·]Π : Ω
ℓ1(N∗F ;TF)⊗ Ωℓ2(N∗F ;TF)→ Ωℓ1+ℓ2(N∗F ;TF).
Definition 13.5. Let B ∈ Ωℓ1(N∗F ;TF), C ∈ Ωℓ2(N∗F ;TF). We define their
bracket
[B,C]Π ∈ Ω
ℓ1+ℓ2(NF ;TF)
by the formula
[B,C]Π(v1, · · · , vℓ1 , vℓ1+1, · · · , vℓ1+ℓ2)
=
∑
σ∈Sn
sign(σ)
(ℓ1 + ℓ2)!
[B(Xσ(1), · · · , Xσ(ℓ1)), C(Xσ(ℓ1+1), · · · , Xσ(ℓ1+ℓ2)](13.10)
=
∑
τ∈Shuff(n)
sign(τ)
ℓ1!ℓ2!
[B(Xτ(1), · · · , Xτ(ℓ1)),
C(Xτ(ℓ1+1), · · · , Xτ(ℓ1+ℓ2)] (13.11)
for each x ∈ Y and vi ∈ NxF , and Xi’s are (local) Π-basic vector fields such
that π(Xi(x)) = vi as before. Here Sn is the symmetric group with size n and
Shuff(n) ⊂ Sn is the subgroup of all “shuffles”. [·, ·] is the usual Lie bracket of
leafwise vector fields.
For the case ℓ1 = ℓ2 = 1, we derive the coordinate formula
[B,C]Π =
(
Bαi
∂Cβj
∂qα
− Cαj
∂Bβi
∂qα
) ∂
∂qβ
⊗ dyi ∧ dyj . (13.12)
With these definitions, we have the following “Bianchi identity” in our context.
Proposition 13.4. Let Π : TY = G⊕TF and dΠ be the associated Π-differential.
Then we have
dΠFΠ = 0
(dΠ)2B = [FΠ, B]Π.
Combining the above discussion, the transformation law (13.6) in coordinates is
translated into the following invariant form.
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Proposition 13.5. Let Π, Π0 be two splittings as in Lemma 13.2 and BΠ0Π ∈
Γ(N∗F ⊗ TF) be the associated section. Then we have
FΠ = FΠ0 + d
Π0BΠ0Π + [BΠ0Π, BΠ0Π]Π0 . (13.13)
13.2. Lie algebroid and its b¯-deformed E-cohomology. We start with re-
calling the definition of Lie algebroid and its associated E-de Rham complex and
E-cohomology. The leafwise de Rham complex Ω•(F) is a special case of the E-de
Rham complex associated to the general Lie algebroid E.
We quote the following definitions from [NT].
Definition 13.6. Let M be a smooth manifold. A Lie algebroid on M is a triple
(E, ρ, [ , ]), where E is a vector bundle on M , [ , ] is a Lie algebra structure on the
sheaf of sections of E, and ρ is a bundle map, called the anchor map,
ρ : E → TM
such that the induced map
Γ(ρ) : Γ(M ;E)→ Γ(TM)
is a Lie algebra homomorphism and, for any sections σ and τ of E and a smooth
function f on M , the identity
[σ, fτ ] = ρ(σ)[f ] · τ + f · [σ, τ ].
Definition 13.7. Let (E, ρ, [ , ]) be a Lie algebroid onM . The E-de Rham complex
(EΩ•(M),E d) is defined by
EΩ(Λ•(E∗)) = Γ(Λ•(E∗))
Edω(σ1, · · · , σk+1) =
∑
i
(−1)iρ(σi)ω(σ1, · · · , σ̂i, · · · , σk+1)
+
∑
i<j
(−1)i+j−1ω([σi, σj ], σ1, · · · , σ̂i, · · · , σ̂j , · · · , σk+1).
The cohomology of this complex will be denoted by EH∗(M) and called the E-de
Rham cohomology of M .
Now assume that b¯ ∈E Ω1(E∗) is a cocycle: Edb¯ = 0. Then Edb¯ :=E d +
b¯∧ satisfies: (Edb¯)2 = 0. The cohomology of (EΩ•(M),E db¯) will be denoted by
EH∗
b¯
(M) and called the b¯-deformed E-de Rham cohomology.
In [OP] the authors have noticed that for a coisotropic submanifold Y in a
symplectic manifold X the triple
(E = TY ω, ρ = i, [ , ])
defines the structure of Lie algebroid and the E-differential is the exterior derivative
dF along the null foliation F . Now assume that (Y, ω, b) is a coisotropic submanifold
in (X,ωX , α). Then the restriction b¯ of b to F is a closed 1-form in the complex
(Ω(Λ•E), dF ) and
Edb¯ coincides with db¯F , which we also denote by d
b
F .
The b¯-deformed E-de Rahm differential is related to the infinitesimal deformation
space of coisotropic submanifolds in a l.c.s. manifold. For this, we introduce the
space
Coisok = Coisok(X,ωX)
the set of coisotropic submanifolds with nullity n−k for 0 ≤ k ≤ n and characterize
its infinitesimal deformation space at Y ⊂ E∗, the zero section of E∗. By the
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coisotropic neighborhood theorem, the infinitesimal deformation space, denoted as
TY Coisok(X,ωX) = TY Coisok(U, ωU ) with some abuse of notion, depends only on
(Y, ω) where ω = i∗ωX , but not on (X,ωX). An element in TY Coisok(U, ωU ) is a
section of the bundle E∗ = T ∗F → Y .
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